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Preface to the first edition 



Some say that the purpose of logic books is to teach peo- 
ple "how to think." Now logic books are usually written by 
logicians, and if it were true that logic teaches people how 
to think, one would suppose that logicians themselves 
would be expert thinkers and would make no mistakes (or 
at least very few). And if this were so, all logicians would 
be rich men. But, alas, that is not the case. 

Why not simply say that a first book of logic should 
serve to acquaint us with some principles and problems of 
inference, deductive and inductive? That is enough to 
justify any introduction to logic. 

Of course, it may well be that logic teaches us to think 
in the sense that through it we experience a certain useful 
type of precision. This is the point of Gilbert Ryle's clever 
analogy between formal logic and military drill: "It is not 
the stereotyped motions of drill, but its standards of per- 
fection of control which are transmitted from the parade- 
ground to the battlefield. . . . To know how to go 
through completely stereotyped movements in artificial 
parade-ground conditions with perfect correctness is to 
have learned not indeed how to conduct oneself in battle 
but how rigorously to apply standards of soldierly ef- 
ficiency even to unrehearsed actions and decisions in novel 
and nasty situations and in irregular and unfamiliar coun- 
try." 1 To Professor Ryle, the unfamiliar country concealing 
the novel and nasty situations is philosophy. But it could 
just as well be any area of human learning law, medicine, 

1 Ryle, Dilemmas (45), pp. 112, 123 (Numbers in parentheses 
refer to the General Bibliography, pp 240242, where details of 
publication are given ) 
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business, pure science in which the novice would not be 
the worse for some preliminary exercise in that tidiness of 
mind which logic exacts. 

This handbook introduces the reader both to the tradi- 
tional logic of the syllogism and to modern "symbolic" 
logic. After all, they are not two different logics; the older 
logic is but a part, although an important part, of the 
wider realm of modern generalized logic. In addition, 
there is a brief survey of inductive logic, as well as a look 
at the traditional fallacies of argument. For the mechani- 
cally inclined, there is appended a short section on logical 
machines, their construction and use in science and in- 
dustry. 

This small book has been a pleasure to write. I am 
thinking of all those logic classes at the College of New 
Rochelle and later at Barnard, and the good times we've 
had. I would like to thank John Cranford Adams, presi- 
dent of Hofstra College, for providing me a pleasant sum- 
mer space to write in. I am immensely indebted to my 
colleague on the Barnard faculty, Miss Judith Jarvis, for 
her careful reading of manuscript and proof, and her in- 
valuable suggestions for revision. My friend Eugene 
Abrams of Franklin Square, Long Island, made the in- 
genious syllogism machine described in the appendix. 

J. G. B. 

June, 1957 



Preface to the second edition 



The second edition of A Handbook of Logic contains, 
in addition to minor changes and improvements in the 
text, a large supply of new exercises. Chapters 6 and 7 
have been particularly strengthened in this respect. Once 
again I must express my gratitude to my colleague, 
Professor Judith Jarvis, for suggesting corrections in the 
text and for reviewing the new exercises. 

J. G. B. 

August, 1960 



What is logic? 



For the moment, let us say that logic is the study of 
certain types of inference. We may define inference, 
roughly, as any passing from knowledge to new knowledge. 
Hearing that a man's name is MacPherson, I may infer or 
"conclude" (correctly or not) that he is a Scotsman. Hear- 
ing a scream from the kitchen, I may infer (rightly or 
wrongly) that the teakettle is boiling. Informed that 
2x 10, I may infer that x 5. Observing the rapid fall 
of the barometer aboard ship, I predict heavy weather 
ahead. Whenever, taking something to be so, I conclude 
that something else is so, I infer. 

The study of the rules and operations which pertain to 
certain important kinds of inference is logic. Broadly, the 
term "logic" may correctly be applied to the systematic study 
of any kind of inference. We use the word in this general 
sense when we speak of "the logic of modern physics" or 
"the logic of social science." John Dewey uses "logic" in 
the comprehensive sense of a general theory of inquiry. 
More strictly and this is the sense in which logic is taken 
when we think of it as an exact science logic is the study 
of certain types of deductive inference. 

DEDUCTIVE AND INDUCTIVE INFERENCE 

The difference between deduction and induction is this: 
In deduction, the connection between a given piece of infor- 
mation and another piece of information concluded from it 
is a necessary connection. In a valid deductive argument, 
if the premises are true, the conclusion must be true. If no 
ballet dancers are wooden-legged men, then it necessarily 
follows that no wooden-legged men are ballet dancers. If 
2# = 10, then it must be that x = 5. Suppose I am told 
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that the number of Vassar girls is greater than the number 
of days in the year. I may conclude with certainty that there 
are at least two Vassar girls who have the same birthday. 
At first sight, it may appear that such an inference is at best 
probable, since it seems directly to concern the properties 
of natural objects and events (Vassar girls and days). 
Closer inspection shows us, however, that the inference 
depends only on the connection between the ideas in state- 
ment A, "The number of Vassar girls is greater than the 
number of days in the year," and statement B, "There are 
at least two Vassar girls with the same birthday." Let us 
suppose the truth of statement A; as formal logicians, we 
need not verify its factual or material truih. To establish 
the inference as deductive, we need only ask: does the truth 
of the second statement therefore follow? It does. The first 
statement logically implies the second, just as "X is greater 
than Y and Y is greater than Z" logically implies "X is 
greater than Z." 

In induction, on the other hand, the connection between 
an item of information and another item inferred from it is 
not a logically necessary connection. From observation of 
a great many Siamese cats, I conclude that all such cats have 
blue eyes. But this inductive conclusion is not contained in 
the information that all Siamese cats so far observed have 
been blue-eyed. Or suppose that as astronomers we have 
looked at a large number of comets, and have noted that 
each moves in an elliptical orbit. Suppose further that no 
observed comet has failed to move in such an orbit. Now, 
such data may give us very good reason for concluding that 
all comets move in elliptical orbits; yet this conclusion, 
reached by induction, is not logically implied by the infor- 
mation at hand. For from the information that all previ- 
ously observed comets move in elliptical orbits it does not 
necessarily follow that all comets move in this way. 

What is the distinction between "inference" and "impli- 
cation"? They are obviously closely related processes. In 
ordinary discourse, the latter may mean "to give a hint," 
and the former "to take a hint." Thus when my hostess 
yawns and looks at the clock I infer from her behavior that 
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she would like me to go home. Her yawn and look imply 
that this is her desire. In formal inference^ the statements 
2# = 10" and "y = 2x" imply the statement that y = 10. 
From the first two statements, we infer the statement that 
y 10. Because of the psychological element in inference, 
many formal logicians prefer to say that their business is 
with implication rather than inference. 

TRUTH AND VALIDITY 

Suppose I am informed that the following two state- 
ments are true: 

Wombats arc kind to their children. 

Those who are kind to their children occasionally beat 
them. 

I may infer that: 

Wombats occasionally beat their children. 

The inference is formally correct, though many would ob- 
ject that it is rather silly. It may be true that materially 
the statements are foolish and even false. But if we assume 
the truth of the first two statements, the truth of the third 
"follows." That is, the third statement is formally implied 
by the first two. Thus, formal inference, and therefore 
formal logic itself, is not concerned with material truth 
directly j rather, it is concerned with formal correctness or 
validity. 

Material truth has to do with the relation of a statement 
to a factual situation. The statement "Silver is mined in 
Nevada" is true if in fact silver is mined in Nevada. Valid- 
ity, on the other hand, concerns forms of statements and 
their relations to one another in argument. What is form? 
One way of identifying it is to say that form is that which 
remains the same throughout changes in matter or content. 
Federal income tax Form 1040 is the same for all who use 
it, but the content written into it by the individual taxpayer 
differs in each case. Consider the following sentences: 

Paris is smaller than Cannes. 
Naples is smaller than Paris. 
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The first statement happens to be materially false, the sec- 
ond true. The content of the first statement is different from 
the content of the second. But both are of the same ]orm y 
namely : 

x is smaller than y. 

The letters "x" and "y" are used here as what the logicians 
call variables; that is, they neither name nor designate 
anything whatever in the way in which the words "Paris," 
"Cannes," and "Naples" do. They may be considered as 
nothing but a convenient symbolic device for indicating 
blank spaces, which are to be filled in with the names of 
things. Now, when we examine the pair of statements given 
above, we see that we can conclude (or "deduce") from 
them that: 

Naples is smaller than Cannes. 

This statement is not materially true. But it has correctly 
been drawn from the other two statements, and this not on 
the basis of any information we may have regarding the 
actual size of Paris, Cannes, and Naples, but on the basis 
of formal relations alone. 

Similarly, given the conditional statement: 

If the sun is out, then the grass is dry. 
we may infer that: 

Either the sun is not out, or the grass is dry. 

The validity of this inference depends not on our knowl- 
edge of the sun or the weather, but on our knowledge of 
the connection between certain statement forms: 

1. If $ y then q. 

2. Either not-p or q. 

In these statement forms, "p" and "q" are variables, to be 
replaced, however, by statements rather than names. 

FORMAL SCIENCE 

Since it deals with the forms of statements and the con- 
nections between them, logic is commonly called a formal 
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science. This is another way of saying that formal logic does 
not deal with questions of empirical fact or material truth. 
Mathematics too is a formal science j ">/f = 2" is a state- 
ment whose truth is independent of the actual physical 
properties of objects such as chairs, trees, and the like. 

The validity of mathematical operations depends upon 
the implicit granting of certain logical assumptions. That 
is, the rules of mathematics presuppose the more general 
rules of logic. Of course, we must remember that "mathe- 
matics" is a sort of catchall name which includes a number 
of separate disciplines arithmetic, geometry, algebra, and 
so on. "Logic" too even in the strict sense of deductive 
logic applies to a number of systems of exact inference 
which may differ considerably from one another. 

Formal sciences are purely deductive. That is, they pro- 
ceed by means of formal analysis rather than by physical 
observation, test, and measurement. Those disciplines whose 
methods do include physical observation and experiment 
we call empirical sciences. Now, the odd thing is that cer- 
tain of these sciences, such as theoretical physics, have very 
little to do with the observation and classification of physi- 
cal objects in nature; they deal with unobservable things 
like atoms and rely heavily on formal (mathematical) in- 
ference. Such disciplines as theoretical physics are highly 
deductive, even if not wholly so. It seems that the more 
refined and sophisticated a science, the closer is its character 
to that of a purely formal science. On the other hand, sci- 
ences in less advanced stages of development depend more 
directly on physical description, observation, and classifica- 
tion ' y they rely more on "induction" than on "deduction" 
for their laws. Perhaps we could paraphrase Walter Pater 
and say, "All science tends toward the condition of mathe- 
matics." But it would be necessary to add that mathematics 
itself aspires to the condition of logic. 

CLASSICAL OR ARISTOTELIAN LOGIC 

One type of formal logic is very ancient and has been 
taught in association with the subject of philosophy for over 
two thousand years. Four centuries before Christ, Aristotle 
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wrote the first logic textbook. (Euclid had not yet written 
the first geometry textbook.) Through medieval and mod- 
ern times, logicians developed Aristotle's logic in a very 
thorough way. Thus developed, logic is variously referred 
to as "Aristotelian," "traditional," or "classical." But, just 
as today we know that Euclidean geometry is only one 
kind of geometry, so also do we know that Aristotelian logic 
is only one kind of formal logic. More accurately, Aris- 
totelian logic concentrates on one system of formal infer- 
ence. While this system of logic is very interesting (and, as 
we shall see, a good deal of fun), it is by no means the only 
system which can be worked out within formal logic. 

The pattern of formal inference around which Aris- 
totelian logic is ordered is called the syllogism. The logical 
example above about the wombats (p. 3) is a syllogism. 
The simplest type of syllogism consists of two statements, 
called premises, from which follows another statement, 
called the conclusion : 

Those who war against their neighbors do wrong. 
The Thebans war against their neighbors. 

Therefore, the Thebans do wrong. 

Aristotle clearly pointed out that what the logician is inter- 
ested in is the form rather than the subject matter of this 
type of inference. In his actual writing, he frequently 
omits subject matter from his illustrations. He gives us 
only the forms of syllogisms to consider, using variables in 
this way : 

All A is 5. 
All C is A. 

All C is B. 

Thus within the limits imposed on it by confinement to 
syllogistic and allied forms of inference, Aristotle's logic 
is just as "symbolic" as modern logic, although not nearly 
so inclusive. 1 

1 "The introduction of variables into logic is one of Aristotle's 
greatest inventions." Lukasiewicz, Aristotle's Syllogistic (32), p. 7. 
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MODERN GENERALIZED OR "SYMBOLIC" LOGIC 

A little more than a hundred years ago, George Boole, 
teaching in Ireland, showed that algebra combines easily 
with logical operations. The Germans E. Schroder, G. 
Frege, and others then showed how logical systems far 
more comprehensive than those of classical logic could be 
constructed. New sets of logical concepts and operations 
were quickly set up and worked out. In 1910, the English- 
men A. N. Whitehead and Bertrand Russell brought out 
an encyclopedia of the new comprehensive logic. This great 
work, the Principa Mathematica y showed how to construct 
a large number of logical systems, each of which revealed 
some aspect of the foundations of mathematics. 

The work of Whitehead and Russell stimulated the pro- 
duction of a large number of logic systems with various 
schemes of symbolic notations. Today logicians are almost 
embarrassed by the rich multiplicity of logic systems devel- 
oped within the framework of symbolic logic. The new 
logic has been of enormous theoretical importance j its 
practical application is increasing daily in such widely dif- 
fering fields as insurance, genetics, and engineering. Logic 
machines analogous to mathematical computers (see Appen- 
dix) have been successfully constructed and put to work to 
solve certain technical problems which have arisen in vari- 
ous specialized departments of science and industry. 

In this survey, most of our attention will be focused on 
deductive logic. After analyzing the basic concepts of classi- 
cal or syllogistic logic, we shall examine certain elements of 
modern generalized or symbolic logic. Our main enterprise 
concluded, we shall devote a section to inductive logic, 
finishing our inquiry with a brief glance at the classical 
fallacies in argument. 

QUESTIONS AND EXERCISES 

1. What do we mean when we say of a person that he is 
"logical"? 

2. What is inference? Give six examples of inferences that 
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might be drawn by a person during the course on an ordi- 
nary day. )? 

3. Distinguish between "inference" and "implication. 
Write two sentences showing the correct English usage 
of the words "infer" and "imply." 

4. Distinguish between "deductive" and "inductive" infer- 
ence, giving examples of each. 

5. What produces the absurdity in the following? What is 
the quickest way to remedy it? 

Bats eat small insects. 

Bat is a short word. 

.'. Some short words eat small insects. 

6. In simple and clear language, distinguish between "truth" 
and "validity," using your own illustrations. 

7. Which of the following conclusions are materially true? 
Which of the following have been validly drawn ? 
(Formal techniques for checking these and some of the 
inference patterns of the other exercises below are ex- 
plained further on in the book. But why not try out your 
logical intuition now?) 

1 . Some radioactive substances are metals. 

.*. Some metals are radioactive substances. 

2. Most merchant seamen can swim. 

.". At least one merchant seaman can swim. 

3. All bachelors are unmarried men. 

.'. All unmarried men are bachelors. 

4. Some allergies are curable. 

.'. Some allergies are not curable. 

5. All mammals are viviparous, and some Radcliffe girls 
are viviparous. Therefore some Radcliffe girls are 
mammals. 

6. All residents of Washington, D. C. reside in the Dis- 
trict of Columbia; all residents of Pennsylvania Ave- 
nue reside in the District of Columbia. Therefore all 
residents of Pennsylvania Avenue are residents of 
Washington^ D. C. 

8. Are the following arguments conclusive? Explain in 
each case. 

i. All who have an IQ of 25 or less are classified as 
idiots. 
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The alleged murderer does not have an IQ of 25 or 
less. 

. " . The alleged murderer is not an idiot. 
2. The crime of larceny is a misdemeanor whenever the 
value of the property stolen does not exceed $100. 
Peters has committed the crime of larceny by stealing 
property which has a value of $500. 
.'. The crime committed by Peters is not a misde- 
meanor. 

9. Which of the inferences below are valid, which invalid? 
Explain in each case. 

1. Nora is the mother of Jack, and Jack is the father of 
Elaine; therefore, Nora is the grandmother of Elaine. 

2. All true lovers of music love Bach; therefore, all 
who love Bach are true lovers of music. 

3. All students in this lecture hall who have ever had 
mumps are to report to the office of the University 
physician; therefore, there is at least one student in 
this lecture hall who has had mumps, and he or she 
is to report to the office of the University physician. 

10. What is meant by "formal science"? Why are mathe- 
mathics and logic called formal sciences? 

11. What is an empirical science? Give examples. In what 
way may empirical sciences use formal science? Explain 
and illustrate. 

12. What is meant by classical or Aristotelian logic? Aristotle 
says that the logician is interested in the form rather than 
the matter of the syllogism. Explain, showing the distinc- 
tion between form and subject matter in the syllogism 
on p. 6. 

13. These two car-and-driver problems are examples of a 
familiar type of inference puzzle that requires no elabo- 
rate training in logic to solve. However, consider them 
optional. 

i. Acres, Hull, De Maria, and Scott are sports-car 
drivers whose cars are Mercedes, Austin-Healey, 
Porsche, and Maserati though not necessarily re- 
spectively. The following statements are true: 
a. Both Hull and the driver of the Maserati have 
spent week ends with the driver of the Austin- 
Healey. 
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b. Acres and De Maria were at the track the day the 
Porsche driver ran over a Siamese cat. 

c. The Maserati driver who has helped Scott to get 
membership in the Gear-Box Club is planning to 
do the same for Acres. 

d. Acres has not yet met De Maria. 
Question: Who drives which car? 

Hint: Subdivide a rectangle to cover all possibilities 
thus: 

Austin- 

Healey Maserati Porsche Mercedes 



Acres 
Hull 
De Maria 
Scott 



































If, from the given information, you know that 
Hull cannot be the driver of the Austin-Healey, put 
an X in the appropriate box. When, by elimination, 
you can link a driver to a car, put a O in the proper 
box. The puzzle is solved when each row and column 
has one O. 

Andy, Bob, Charlie, Don, and Ed started together for 
their vacation resorts driving a baby Austin, Buick, 
Cadillac, Ford, and Oldsmobile. Each agreed to send 
a postcard to the home of all of the drivers each time 
he crossed a new state line. The clues are: 

a. Don went to a different resort this year to avoid 
playing golf with the Olds driver. 

b. When the group arrived at a crowded ferryboat, 
Andy, though the last one in line, was the only 
one to get across on that trip. He received five 
more cards than he mailed. 

c. Don, brother of the Buick driver, dropped back 
from the group because his daughter was holding 
hands with the banker's son in the Cadillac ahead. 

d. The name of Charlie's car has as many letters as 
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the number of cards he sent out, plus half of that 
many, plus the fraction J /2. Andy sent out twice 
as many cards as Charlie. 

e. When the Olds driver had half his number of 

states, he signaled to Bob that Andy was entering 
his vacation place. 

f . Ed wished the Ford driver luck on the remainder 
of his journey. 

g. Bob sent out the same number of postcards as he 
received but the Ford driver did not do so well on 
this score. 

Questions: Identify each driver's car. 

How many states did each enter? 

14. The following puzzles may be solved by purely formal 
inference. They may take you a little time (particularly 
the third one), and hence they should be considered 
optional. 

1. Given that politicians lie every time they open their 
mouths and that nonpoliticians always speak the truth. 
A, B, and C are talking. A says something we don't 
quite hear, but it's about his belonging to one of the 
two classes, politician, nonpolitician. B, who has 
heard, says, "A says he is not a politician." C then 
says, "A is a politician." How many politicians and 
how many nonpoliticians are there? 

2. Three men go by turn into a dark closet where hang 
five hats, three red and two blue. Out they come, 
each man forbidden to look at his own hat, but per- 
mitted to look at the hats of the others in an effort to 
tell the color of his own. A glances at B and C, and 
says, "I don't know what color hat I have on." B, who 
is equally intelligent, looks around and says, "Nor do 
I know what color hat I have on." C, who is blind 
but quite intelligent, says, "I know now what color 
hat I have on." What color hat was C wearing and 
how did he figure it out? 

3. Given a simple balance scale with two pans, and 
twelve billiard balls to weigh, one of which is irregu- 
lar in weight. In three weighings, could you deter- 
mine which is the irregular ball and whether it is 
lighter or heavier? How would you go about doing 
this? 



12 A Handbook of Logic 

4. Here is a variation on the second puzzle. It is useful 
in annoying people at parties. 

You are traveling through dangerous country inhab- 
ited only by two Indian tribes, the Blacks and the 
Whites. White Indians always tell the truth, while 
Black Indians always lie. You come to a crossroad 
where you meet two Indians of tribe or tribes un- 
known. You know that only one of the two roads 
open to you is safe; the other is dangerous. Now, in 
order to find out which is the safe road, you are 
allowed to ask each Indian one and only one question, 
the question to be answered by a yes or no. What are 
the two questions you would ask? 

5. Apologies to the reader, but it is said that the Indian 
puzzle above can also be solved by asking only one 
Indian one question. Can it? 



2, The analysis 
of propositions 



MEANING OF PROPOSITION 

By "proposition" is meant (roughly) a declarative sen- 
tence, or statement. Some logicians distinguish between a 
proposition and a sentence on the ground that a proposition 
is what a sentence asserts rather than the sentence itself. 
For example, the three different sentences ( i ) "It is cold," 
(2) "II fait froid," and (3) "Fa freddo" assert the same 
proposition. For our purposes, we shall assume that "state- 
ment," "sentence," and "proposition" are roughly equiva- 
lent, provided that "sentence" is understood to mean a 
declarative sentence. "Are you going to the beach with 
Pat?" and "Would to God I were a tender apple blossom! " 
are not declarative sentences, hence not propositions. 

SIMPLE AND COMPOUND PROPOSITIONS 

We may make an initial distinction between two types 
of propositions: simple and compound. A simple or "cate- 
gorical" proposition is equivalent to a simple declarative 
sentence: 

They were doing the muskrat ramble. 
Compound propositions include: 
i. Conjunctive propositions (". . . and . . ."): 

You are beautiful and I love you. 

13 
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2. Conditional, hypothetical, or implicative propositions 
("if . . . then . . ."): 

If a wombat is tickled, it will laugh. 

3. Disjunctive or alternative propositions ("either . . . 
or . . ."): 

Either Kate was joking or Dan was really ill. 

The forms of compound propositions are easily handled 
with a symbolic notation of the type we shall see in Chap- 
ter 6. 

ELEMENTS OF SIMPLE PROPOSITIONS TERMS 

Here are some simple or categorical propositions: 

All cats are musically inclined. 

You are a darling. 

Not many dragons play the oboe. 

Lake Tahoe is west of Reno. 

Thorium is a metal. 

Buddha died from eating poisoned mushrooms. 

Even simple propositions are relatively complex, and can be 
analyzed into simpler elements known as terms. Classical 
logic breaks down propositions into two terms only, the 
subject term and the predicate term. In the proposition: 

All cats are musically inclined. 

"cats" is the subject term and "musically inclined" is the 
predicate term. The subject term refers to what the proposi- 
tion is talking about j the predicate term stands for what is 
said about the referent of the subject term. The word "all" 
in this proposition is a quantifying word; quantifiers like 
"all," "some," "not many," etc. tell us how much or how 
many of the things designated by the term are being talked 
about. The word "are" is called the copula or coupling 
word. A copula is a part of the verb "to be" that links 
subject and predicate terms. 

In classical logic, propositions that have copulas are inter- 
preted as asserting a relation of inclusion or exclusion be- 
tween the subject class or kind and the predicate class. In 
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these types, the copula is clearly visible; the propositions 
have the form S-Copula-P: 

The yak is a harmless animal. 

Oboe players are madmen. 

Your son is not a thief. 

Japanese girls are polite conversationalists. 

Griffins are fabulous monsters. 

Mesons are atomic particles. 

Sodium is an element. 

Many two-term propositions, however, lack the classical 
copula, as, for example, the sentence: 

Babies cry. 

Such propositions can be thrown into the form "S is P," 
however, by a dodge common in classical logic. The dodge 
is to paraphrase such propositions in a way that shows a 
copula even at the cost of changing the meaning of the 
proposition a little: 

Babies are things that cry. 

When we say "Jeanne plays the violin," we do not quite 
mean "Jeanne is a thing that plays the violin," although 
for purposes of simple logical exercise there is no harm in 
paraphrasing the original proposition this way. But now 
consider the proposition: 
I love you. 

This proposition states a kind of relationship which holds 
between two persons "I" and "you." To force such propo- 
sitions into the Procrustean bed of the class-copula form 
always results in something stilted and artificial, such as: 

I am something that loves you. 

Or worse: 

I am one of your lovers. 

In sum, not all propositions contain the verb "to be." In 
those that do, "is" may indicate a relation of class mem- 
bership : 

The octopus is a mollusk. 
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But "is" may also be used in ways other than that of class 
inclusion. Sometimes it is used to express identity ("Hesse 
is the author of Steppenwolf). It may mean existence 
("There are angels"). Nor are these all of the several 
senses of the ambiguous "to be." In its analysis of proposi- 
tions, however, classical logic tends to focus on that sense of 
"to be" which stands for a relation of inclusion or exclusion 
between the subject and predicate classes. 

CLASSICAL DIVISION OF SIMPLE PROPOSITIONS 

In classical logic, simple or "categorical" propositions are 
classified into six types, of which the first four may be con- 
sidered basic. 

1. UNIVERSAL AFFIRMATIVE (A) All Hawaiians are good 

swimmers. 

2. UNIVERSAL NEGATIVE (E) No Spartans are cow- 

ards. 

3. PARTICULAR AFFIRMATIVE (I) Some Javanese are ex- 

pert dancers. 

4. PARTICULAR NEGATIVE (O) Some Italians are not 

music lovers. 

5. SINGULAR AFFIRMATIVE Nixon is a native of 

California. 

6. SINGULAR NEGATIVE This orangutan is not a 

typist. 

For the sake of brevity, traditional usage refers to the first 
four propositions by the code letters A, E, I, and O respec- 
tively. These code letters are derived from the first and 
second vowels of the Latin affirmo (I affirm) and nego 
(I deny). 

EULER DIAGRAMS OF CATEGORICAL PROPOSITIONS 

The diagrams of propositions invented by the eighteenth- 
century mathematician L. Euler are still used today, al- 
though variations of these, known as the Venn diagrams, 
are considered more accurate in representing the structures 
of the classical propositions. We shall look at both types of 
diagrams. In the Euler diagrams, each proposition is rep- 
resented by two circles, each circle representing a class. 
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Negative class labels are excluded; we cannot draw a circle 
and label it "no cats." Indeed there is no need to, for 
"not-cats" is everything outside the "cat" circle, 
i. Universal Affirmative (A) Proposition 

All Hawaiians are good swimmers. 




2. Universal Negative (E) Proposition 
No Spartans are cowards. 





Spartans 



3. Particular Affirmative (I) Proposition 
Some Javanese are expert dancers. 



Cowards 



Javanese 




Expert dancers 



The members of the shaded area are the Javanese who 
are expert dancers. 



1 8 A Handbook of Logic 

4. Particular Negative (O) Proposition 
Some Italians are not music lovers. 



Italians' , Music lovers 




The members of the shaded area are the Italians who 
are not music lovers. 

5. Singular Affirmative Proposition 

Nixon is a native of California. 

Natives of California 
^ 
Nixon 




6. Singular Negative Proposition 
This orangutan is not a typist. 




Typists 



This orangutan 
X 



THE VENN DIAGRAMS 

These are modern variations of the Euler diagrams, 
named for the English logician J. Venn. The Venn circles 
show more clearly than the Euler diagrams how the four 
basic classical propositions exhibit two quite different prepo- 
sitional structures. In the Venn diagrams, each one of the 
four prepositional types (A, E, I, O) is represented by two 
intersecting circles. The significance of the shaded portion 
of the Venn circles differs from that of the Euler circles. 
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For in the Venn circles, the shaded area represents that 
part of the class which has no members. When an asterisk 
or "x" appears, it means "There it at least one member of 
this area or part of the class." Here are the four main 
Venn diagrams: 

i. Universal Affirmative (A) Proposition 

All sardines are friendly. 



Sardines I 1 Friendly things 




Here the shaded area (nonfriendly sardines)^ has no 
members. If a stands for the class of sardines, and b for the 
class of whatever is nonfriendly, then our proposition states 
that the combined class or class product (nonfriendly sar- 
dines) is equal to zero or null. For there are no sardines 
that are not friendly. Thus the symbolic formula for the A 
proposition is ab O. 

2. Universal Negative (E) Proposition 



No sinners are saints. 



Sinners , ( ' ' Samts 




The area reserved for sinners who are saints has no mem- 
bers. If a is the class of sinners, and b the class of saints, 
then the common members of the classes ab (that is, sinners 
who are saints) is zero or null. Hence the formula for this 
type of proposition is ab = O. 
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3. Particular Affirmative (I) Proposition 
Some ballplayers are Cubans. 

/" --x-"- -x. 

Ballplayers) ( __ ) ) Cubans 

\^s2J 



Here we see an "x" placed within a segment to show that 
there is at least one (the minimal meaning of "some") 
member of that portion of the class. If a is the class of ball- 
players and b the class of Cubans, then the common class ab 
(Cuban ballplayers) does not equal zero, for it has at least 
one member. 

4. Particular Negative (O) Proposition 

Some badgers are not monogamous. 



_ , , , , 1 Monogamous 

Badgers X beings 




If a is the class of badgers, and b the class of all who are 
monogamous, then the combined class ab (nonmonogamous 
badgers) does not equal zero. There is at least one badger 
who is not monogamous. 

Singular propositions, affirmative and negative, of the 
type "Cannes is a resort town" and "King Kong is not a 
rabbit," cannot be diagramed by the Venn method. For 
the Venn diagrams are tailored to show the relations be- 
tween two classes y while the subject terms of the singular 
propositions do not designate classes but individuals. We 
have seen that such propositions may be diagramed 
Euler-fashion. 

What about propositions of the type "The elephant is 
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the only animal with a trunk" or "Only the brave deserve 
the fair"? The usual way of handling these propositions a 
la Venn is to transpose the subject and predicate terms 
and to treat the result as an A proposition. Thus "Only 
Ulstermen are Orangemen" becomes "All Orangemen are 
Ulstermen," and may be diagramed according to the Venn 
scheme for A propositions: 




OC7=0 



Here the U circle is for Ulstermen and the O circle for 
Orangemen. Since Orangemen who are not Ulstermen are 
a class of no members, the formula is OU 0. 

VENN DIAGRAMS AND EXISTENTIAL IMPORT OF PROPOSITIONS 

When propositions are analyzed according to the Venn 
diagrams, we may see an important difference in structure 
in the case of universal or general (A and E) propositions 
on the one hand, and particular (I and O) propositions, on 
the other. The distinction is this. General propositions do 
not assert the existence of anything, while particular 
ones do. 

Take an A proposition, "All Platonic ideas are eternal." 
According to the Venn analysis, this proposition asserts 
only that: 

If there is a Platonic idea, then it is eternal. 

It does not, however, assert that "There are Platonic 
ideas." This interpretation of general propositions is rather 
different from that most often used in daily discourse. 
For in ordinary conversation, when we assert a universal 
proposition, such as "All Poles are patriotic," we usually 
assert it together with the tacit assumption that there are 
such things as we are talking about. That is, when we 
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say "All Poles are patriotic," we assume "Of course, there 
are Poles." But according to the Venn analysis, an A or 
E proposition makes no assertion of the existence of what- 
ever it may be talking about. 

Even in ordinary language we sometimes use the non- 
existential interpretation of general propositions, although 
instances of this usage are rather limited. Consider the sign : 

All trespassers on this property are subject to prosecution. 

The sentence painted on the signboard may very well be 
true, even though there may turn out to be no trespassers 
on the property. For though the sign may be posted for 
a year, the class of "trespassers on this property" need not 
necessarily have any members. Similarly, the captain's 
order: 

No seasick men are excused from duty. 

does not assert that there are seasick men. What these two 
notices do assert is ( i ) if there is a trespasser, then he is 
subject to prosecution, and (2) if there is a seasick man, he 
is not excused from duty. 

On the other hand, particular propositions, when ana- 
lyzed by the Venn method, do assert the existence of what 
they are talking about. "Some tobaccos contain perique" 
does not assert that if there are some tobaccos, they contain 
perique, but rather that there is at least one member of the 
class "tobacco which contains perique." Similarly, when I 
state that some leprechauns do not wear green hats, I do 
not mean to say that if there are such things as lepre- 
chauns, then they do not wear green hats. I mean that there 
is at least one leprechaun and he does not wear a green hat. 

We can see that the Venn diagram of the proposition 
"All angels have wings" does not show any area where 
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there are angels. What the diagram does show is an area 
"angels-wit hout-wings" (aw} which does not have any exist- 
ing members. In other words, the diagram shows only that 
if there is an angel, then it has wings. However, the Venn 
circles of the particular propositions do show the existence 
of what the proposition is talking about. The diagram of 
"Some Russians are chess players" shows by its "x" that 
there is at least one Russian chess player. 



Russians 




Chess players 



In sum, the Venn diagrams illustrate and support analysis 
of the classical A, E, I, and O propositions according to the 
following formulae (null forms): 



A. All beavers are 



No delinquent boys are 
violinists. 

Some kings are stamp 
collectors. 



O. Some wallabies are not 
certified public account- 
ants. 



brothers. ab o (There are no beavers 
who are not brothers.) 

ab = o (Delinquent boys that 
are violinists form a 
class of no members.) 

ab ^ o (Kings who are stamp 
collectors do not form 
a class without mem- 
bers; there is at least 
one king who is a 
stamp collector.) 

ab =^ O (Wallabies who are 
not CPAs do not form 
a class of no members ; 
there is at least one 
wallaby who is not a 
CPA.) 



QUANTIFICATION SYMBOLS FOR PROPOSITIONS 

Contemporary logicians have a way of analyzing A, E, 
I, and O statements, as well as other types of propositions, 
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by using a symbolic notation for quantifiers. Quantifiers, 
we remember, are signs for how much or how many of a 
class is being talked about "some," "all," etc. and their 
use greatly assists the analysis of propositions. 

Singular propositions, we know, are those the subject 
terms of which are proper names, such as "Davy Crockett," 
or terms so restricted as to apply to only one individual, 
such as "this ocelot." Such propositions may be put in very 
simple notation by letting the capital letters, such as F y G, 
H y stand for predicates, while small letters a through w 
stand for the name of the individual talked about. (We 
reserve the letters "x" "y" "z" for individual variables, 
i.e., blank spaces which may be filled in by individual con- 
stants or names.) So the proposition: 

Davy Crockett is a pioneer, 
is symbolized: 

~Pd 
and the proposition : 

This leopard has a temper, 
becomes in symbolic form: 

Tl 

Negative singular propositions are constructed simply by 
placing a negation sign " " in front of the predicate 
symbol : 

Um Mozart is not a used-car salesman. 
Ta That aardvark is not to be trusted. 

We should note that the examples immediately above 
are propositions. No variables appear in them, as in : 

Fx 

Something is a fox. 

which is not a proposition, but a propositional junction 
only. "Fx" contains the symbol "x" which is an individ- 
ual variable. Suppose we replace the variable with a name, 
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such as Reynard $ we now no longer have a propositional 
function, but rather a full-fledged singular proposition: 

Fr 

Reynard is a fox. 

EXISTENTIAL QUANTIFIERS 

Now consider the proposition: 
Ghosts exist. 

What kind of proposition is this? It is not a singular propo- 
sition, for its subject term is not a proper name or its 
equivalent. It is not a general proposition such as "All 
ghosts are cousins," for "exist" is not a predicate such as 
"cousins" or "blue." It is a simpler assertion, stating only 
that there is at least one thing which is a ghost, or: 

There are ghosts. 

Let us introduce the symbol "(3*:)" to stand for "There is 
something which is. . . ." This symbol is known as the 
existential quantifier. It tells us that the proposition in 
which it appears assertS the existence of something. So we 
write: 

(3*) Gx 

This is symbolization for the proposition "There is some- 
thing which is a ghost," or "There are ghosts," or simply 
"Ghosts exist." 

Suppose we want to symbolize the negative of the origi- 
nal proposition. That is: 

Ghosts do not exist. 

All we need do here is to use the symbolic form of the 
affirmative proposition, prefacing this with a negation sign 
" ." We read the negation sign as "It is not the case that" 
or simply "not." So we now have: 

-(3*) Gx 

which we may read, "It is not the case that there is some- 
thing which is a ghost." More simply, "There are no 
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ghosts," or "Ghosts do not exist." Note that the negation 
sign here means the denial of the entire expression "(3#) 
G*." 

Now let us write the symbolic notations for the prop- 
ositions: 

There are kings. 

There are stamp collectors. 

Remembering that F, G, etc. stand for predicates, we may 
write : 

(3*-) Fx There is something which is a (There are 
king. kings.) 

(3*) Gx There is something which is a (There are 
stamp collector. 1 stamp 

collectors.) 

Now suppose we want to symbolize the classical particu- 
lar affirmative or I proposition: 

Some kings are stamp collectors. 

We conjoin the two propositional functions Fx and Gx by 
means of the sign "" and precede the newly formed 
propositional function (Fx Gx) by the existential quan- 
tifier 



That is, there is something which is both a king and a 
stamp collector. Of course, this notation will do for any 
particular affirmative or I proposition: 

Some butterflies are blue. 
(3*) (/*<?*) 

That is, there is something which is both a butterfly and 
blue. 

From the notational material we have at hand, we can 

1 From this point on we use as predicate symbols the letters F and G 
only. But the reader may, if he finds it helpful, continue to use the 
actual first letters of the terms: K for "king," S for "stamp collector," 
etc. 
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easily construct the symbolic expression for the universal 
negative or E proposition : 

No butterflies are blue. 
' Gx) 



That is, it is not the case that there is something which is 
a butterfly and blue. Now, suppose we want to symbolize 
the particular negative or O proposition : 

Some archangels are not messengers. 



That is, there is something which is an archangel and 
which is not a messenger. Now, by placing a negative 
sign in front of the entire expression, v/e get the universal 
affirmative or A form: 

All archangels are messengers. 
Gx) 



Summarizing, here are the forms of the A, E, I, and O 
propositions set forth using the existential quantification 
symbol 



A. All grampuses breathe noisily. (3x)(Fx ' Gx) 

It is not the case that there is 

a grampus that doesn't breathe 

noisily. 
E. No oysters are ballet dancers. (3x) (Fx ' Gx) 

It is not the case that there is an 

oyster that is a ballet dancer. 
I. Some dinosaurs blush easily. (^ x ) (Fx ' Gx) 

There is at least one dinosaur 

that blushes easily. 
O. Some gnus do not read the Bible. (3x)(Fx ' Gx) 

There is at least one gnu that 

does not read the Bible. 

UNIVERSAL QUANTIFIERS 

Suppose we want to symbolize the forms of the tradi- 
tional four propositions using, instead of the existential 
quantifier, the universal quantifier, which is written "(#)." 
This symbol we read "for all #," or "everything is such 
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that . . ." It tells us that the proposition in which it ap- 
pears is general or universal. Suppose we are talking to 
a materialist. If his belief, "Everything is matter," is true, 
then each thing is material, whatever that thing may be a 
dog, a star, or a mind. Hence the proposition: 

Everything is matter. 
has the form : 



that is, 

Whatever x may be, x is matter. 
or 

For all x, x is matter. 

Using the universal quantifier (#), the letter symbols 
Fy Gy etc., to stand as before for predicates, and one 
additional symbol the implication sign U D" to stand 
for "implies" or "if . . . then . . . ," we obtain the fol- 
lowing forms: 

A. All waltzing mice are dizzy. (JT) (Fx D Gx) 

For all x y if x is F y then x is G. 

For all x if x is a waltzing mouse, 

then x is dizzy. 
E. No Englishmen are herbivorous. (x)(Fx D Gx) 

For all Xy if x is F y x is not G. 

For all x y if x is an Englishman, x 

is not herbivorous. 
I. Some marsupials are existentialists. (x}(Fx D Gx) 

It is not the case that for all #, if x 

is F y x is not G. 

It is not the case that for all x y if x 

is a marsupial, x is not an existen- 

tialist. 
O. Some barons are not robbers. (x)(Fx D Gx) 

It is not the case that for all x y if 

x is Fy x is G. 

It is not the case that for all Xy if A 

is a baron, x is a robber. 
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Finally, let us make up a table using the universal 
quantifier "(#)" for the forms of the general (A and E) 
propositions, and the particular or existential quantifier 
"(3#)" for the forms of the particular propositions (I and 
O). In this way, the existential import of the I and O 
propositions will be shown in contrast to the A and E, 
which do not assert the existence of members of their 
subject classes: 

A. All basilisks glare. (x) (Fx D Gx) 

For all x y if x is a basilisk, then x 

glares. 
E. No unicorns eat oats. ( X }(F* D Gx) 

For all x y if x is a unicorn, x does 

not eat oats. 
I. Some naiads are sorority sisters. (3x)(Fx ' Gx) 

There is at least one x such that x 

is a naiad and a sorority sister. 
O. Some dragons do not breathe fire. (3*) (Fx ' Gx) 

There is at least one x such that x 

is a dragon and does not breathe 

nre. 

QUESTIONS AND EXERCISES 

I. Which of the following are propositions ? Of those that 
are propositions, which are simple and which are com- 
pound? 

1. Wallace Stevens is an American poet. 

2. O give me a home where the buffalo roam! 

3. Most bouzouki players drink ouzo. 

4. Endymion either had to die or consent to eternal 
sleep. 

5. If sodium is put in water, it will run around burn- 
ing. 

6. Usually, bears hibernate. 

7. Heaven is my destination, and my postal address is 
Kalamazoo, Michigan. 

8. When you hear Russian songs do you suffer? 

9. Thou art a philosopher. Speak to it, Horatio! 

10. If the moon has no magnetic field, it cannot have 
a liquid core. 
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2. To which of the six standard propositions (A, E, I, O, 
singular affirmative, singular negative) are the following 
propositions most closely related? If necessary, translate 
them into the appropriate forms. Draw circle diagrams 
for each, if possible. 

1. Nobody in this hall is disloyal. 

2. Every Scottish mother wants to see her son in a 
university. 

3. Many poems in the Greek Anthology are epitaphs. 

4. A Trinity graduate does not associate with thieves. 

5. The rare earths are not to be bought in a drugstore. 

6. Not everybody is going to be placed in the job for 
which he is best qualified. 

7. The manatee is a sort of mermaid. 

8. Aestheticians are extremely dismal people. 

9. Valentine Wannop is not anybody's wife. 

10. Albanians do not welcome tyranny. 

1 1 . Some dolphins can be taught to speak French. 

12. A few Sweet Briar girls are not gentlewomen. 

13. At least one dugong is monogamous. 

14. Some of the heavy metals are not radioactive. 

15. You buy life insurance only because you love some- 
body. 

3. Invent Euler-type diagrams for the following proposi- 
tions. 

1. Some Estonians speak Finnish. 

2. The dead alone have peace of mind. 

3. Hungarians are not Slavs. 

4. Mimi is not the beloved of Mario Cavaradossi. 

5. Every man in the ranks carries a marshal's baton in 
his knapsack. 

6. Peter Warlock wrote the carol "Corpus Christi." 

7. Some destroyers serve as radar picket ships. 

8. Girls don't like long engagements. 

9. The absent are always wrong. 

10. Only the brave deserve the fair. 

11. A few foghorns are equipped with diaphones. 

12. Not every swallow makes a summer. 

13. Paddy's Irish and water is a refreshing drink. 

14. Tasmanian devils are carnivorous marsupials. 

15. Most rocket engines don't use solid fuel. 

4. Invent Venn diagrams for the following propositions. 

I. Americans are not materialists. 
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2. Hemingway's heroines are docile. 

3. A single wolverine is a fearful destroyer. 

4. Most babies are easily amused. 

5. Rattlesnakes are pit vipers. 

6. Some logicians were trampled in the rush to Ohr- 
bach's. 

7. Many wallabies do not have bachelor's degrees. 

8. Whoever degrades another degrades me. 

9. A thing of beauty is a joy forever. 

10. Not every freshman can understand Ftnnegans 
Wake. 

1 1 . Only elephants have trunks. 

12. No buses make the trip after midnight. 

13. Every viola player wants to do "Harold in Italy." 

14. No crocodile can climb up his own back. 

15. Former Democratic National Committee chairmen 
are the sole inhabitants of the Gobi desert. 

5. Explain, using your own illustrations, what it means to 
say that particular propositions have existential import 
while general ones do not. Show by means of Venn dia- 
grams the essential difference between these two types of 
propositions. 

6. Consider the following objections to the doctrine of exis- 
tential import of particular propositions. Are they refuta- 
ble? Discuss. 

1. "Particular propositions cannot assert existence. For I 
can say 'Some ghosts clank chains,' and yet everybody 
knows that ghosts do not exist." 

2. "At least some A propositions assert existence. For if 
I am told that all even numbers are divisible by two 
this means that even numbers exist, if only in the 
domain of mathematics." 

3. "With regard to the question of whether a proposition 
is or is not to be understood as asserting the existence 
of its subject, I maintain that every writer may adopt 
his own rule, provided of course that it is consistent 
with itself and with the accepted facts of Logic." 

7. Put the following propositions into one of the four 
forms : 

1. ab = o 

2. ab = o 

3. ab =7^= o 

4. al ^ o 
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But instead of using a and b for the subject and predicate 
terms, use the initials letter of one of the words composing 
the terms. Thus "Unicorns are fabulous monsters" would 
be symbolized by uf = o. 

1. Some computers are not mechanical. 

2. Many Germans vacation in Venice. 

3. Only fools are msulters of aardvarks. 

4. The Blemys have no shoulders. 

5. A number of Dubliners visit Ormond's Bar. 

6. All objects at temperatures above absolute zero emit 
heat radiation. 

7. The duckbilled platypus is an oviparous mammal. 

8. At least one Harvard graduate is a member of the 
Boston Athenaeum. 

9. Some gods do not have ichor in their veins. 

10. Not one blue-eyed baby expressed appreciation. 

11. Every dog has his day. 

12. Among those who have confused ideas are turnips. 

13. Most tracking radars do not use horn feeds. 

14. Hardly any gibbons subscribe to The Paris Review. 

15. At least one child says his prayers. 

8. Write the following, using the symbolism introduced on 
pp. 24-25 of the text. 

1. Miss Lonelyhearts is a newspaperman. 

2. This turtle is introverted. 

3. That variable is not bound. 

4. Albertine is faithful. 

5. There are no Irish psychoanalysts. 

6. Abominable snowmen don't exist. 

7. Nobody is an all-time fool. 

8. There are vampires. 

9. Wife-beaters exist. 
10. There is a God. 

10. Put as many propositions in Question 7 above as you can 
into forms using existential quantifiers. Follow the same 
procedure for notation of subject and predicate terms. 

11. Put the propositions in Question 7 into forms using uni- 
versal quantifiers. 

12. Do singular propositions assert existence ? Defend your 
answer. Can a class of no members exist? 



3* Inferences 
from simple propositions 



THE DISTRIBUTION OF TERMS 

In the classical analysis of propositions, there is a very 
simple analysis of quantification called the distribution of 
terms. We know that if we break our propositions down 
into two terms and a copula, the subject term refers to 
what the proposition is talking about, and the predicate 
term refers to what is asserted about the subject. In these 
class-membership propositions, the copula is that part of 
the Verb "to be" which links subject and predicate terms. 
Thus in the proposition : 

All tenors are short men. 

the subject term is "tenors" and the predicate term is 
"short men." The copula is "are." Now, in this proposition, 
the subject term "tenors" is distributed. This means that 
all of the subject class is referred to. But in the proposition: 

Some Tibetans are devil worshipers. 

the subject term "Tibetans" is undistributed because only 
some of that class is referred to. 

Let us look once more at each of the four classical 
propositions (A, E, I, O) in order to decide whether the 
subject and predicate of each proposition is distributed or 
not. (If you draw circle diagrams, it will help to make the 
distribution of each term clear.) 

A. All kangaroos are introverts. 
E. No poets are actuaries. 

33 
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1. Some ballet dancers are temperamental. 
O. Some dreams are not wish fulfillments. 

The distribution of the subject term in each proposition 
gives little trouble. In the A proposition, the subject term 
is "kangaroos." It is obviously distributed, because the 
prefixed quantifying word "all" tells us that the entire 
class of kangaroos is being talked about. In the E prop- 
osition, the subject is also distributed, even though the 
word prefixed to the sentence is negative ("no"). For the 
E proposition asserts that it is untrue of all poets that they 
are actuaries. The subject terms of the I and O proposi- 
tions carry an explicit "some" quantifier. Hence we know 
that only fart of the classes "ballet dancers" and "dreams" 
is referred to. Hence we say that the subject terms of the I 
and O propositions are undistributed. 

The distribution of the predicate terms of the four prop- 
ositions is less obvious, since in ordinary language predicate 
terms do not carry quantifying words like "some" or "all" 
before them. When we say "All kangaroos are introverts," 
we do not assert that kangaroos exhaust the class of intro- 
verts. Nor when we say "All Hawaiians are good swim- 
mers" do we mean that Hawaiians are all of the good 
swimmers. From the information given to us by the proposi- 
tion at hand, we can go no further than to assert that "All 
kangaroos are some of the introverts," although this does 
not mean that we know anything at all about the introverts 
that are not kangaroos, if indeed there are any. We simply 
conclude that the predicate term "introverts" is undis- 
tributed. This holds for A propositions generally. 

The predicate term of an E proposition is distributed 
for the same reason that the subject is distributed. Just as 
it is untrue of all poets that they are actuaries, so also it is 
untrue of all actuaries that they are poets. In E proposi- 
tions, both subject and predicate classes are excluded from 
one another in their entirety. Thus the predicate actuaries 
is distributed y and this holds for the predicates of all E 
propositions. 
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The predicate terms of particular affirmative (I) prop- 
ositions are undistributed. The assertion that some ballet 
dancers are temperamental should not be taken as intending 
that some ballet dancers are all of those who possess this 
property. From the information given to us by the proposi- 
tion, we do not know whether this is so. We may safely 
assume only that the "some ballet dancers" talked about 
may not exhaust the class of those who are temperamental. 
Hence the predicate "temperamental" is undistributed, 
and such is the case with I propositions generally. 

The predicate terms of particular negative (O) propo- 
sitions are distributed. In the given example, "Some dreams 
are not wish fulfillments," the predicate term is, of course, 
"wish fulfillments." Is the entire class of wish fulfillments 
excluded from the "some dreams" we are talking about? 
A little reflection, together with a glance at a scratch-pad 
Euler or Venn diagram of the proposition, will disclose that 
such is the case. When we say "Some dreams are not wish 
fulfillments," we must admit that the "some dreams" re- 
ferred to are separated from the enure class of wish fulfill- 
ments. Since the whole of the predicate class is excluded 
from the "dreams" meant, we must conclude that the predi- 
cate term "wish fulfillments" is distributed and that this 
holds for any and all O propositions. 

We may now draw up a table showing the distribution 
of subject and predicate terms for A, E, I, and O prop- 
ositions: 

Subject Term Predicate Term 
A. distributed undistributed 

E. distributed distributed 

I. undistributed undistributed 

O. undistributed distributed 

Singular propositions are considered by most modern 
logicians to be closely related to particulars. Both types, it 
is claimed, assert existence. But classical logicians considered 
the subject terms of singular affirmative and singular nega- 
tive propositions to be distributed like the subjects of A 
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and E propositions. 1 The predicate of a singular affirmative 
proposition is undistributed, while that of a singular nega- 
tive is distributed. 

SIMPLE PROPOSITIONAL INFERENCES! CONVERSION 

By making certain formal alterations in the structure 
of two-term propositions, we can derive new propositions 
from the originals. Such simple inferences are known in 
classical logic as "immediate inferences." In conversion, we 
simply transpose the subject and predicate terms of a propo- 
sition in such a way that the second proposition is validly 
inferable from the first. The proposition to be converted 
(that is, the original proposition) is called the confer tend. 
The result is called the converse. 

Convertend Converse 

A. All great men are bad Some bad writers are great 

writers. men. 

E. No dodoes are great auks. No great auks are dodoes. 

I. Some blondes have blue Some that have blue eyes are 

eyes. blondes. 

Particular negative (O) propositions cannot be converted. 
If they appear to convert successfully, the chances are that 
we have done more than transpose the subject and predicate 
term of the proposition. For example, in the case of the 
proposition "Some carbon compounds are not organic," the 
proposition "Some inorganic things are carbon compounds" 
is not the converse. Rather, as we shall see, the second is 
the "partial contraposition" of the first. 

We might think that in the case of O propositions the 
converse of "Some mammals are not carnivores" is "Some 
carnivores are not mammals." But a little reflection will 
show that the second is not validly inferable from the 
first. Suppose someone says "Some music is not opera." 
It does not follow therefore "Some opera is not music." 
The difficulty here, technically stated, is that we cannot 

1 "We may fairly consider," says Jevons in Elementary Lessons in 
Logic (26), "that a singular proposition is a universal one, for it clearly 
refers to the whole subject, which in this case is a single individual 
thing." 
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derive a distributed term in the converse from an undis- 
tributed term in the convertend. To make a rule of it: 
From a proposition in which a term is undistributed, we 
cannot infer a proposition in which that term is distributed. 
In other words, one cannot formally infer that what holds 
for "some" must on that account also hold for "all." 

The subject terms of E and I propositions, when those 
propositions have been converted, show the same distribu- 
tion value as the subject terms of their respective conver- 
tends. But in the case of A propositions, the subject term 
of the converse is undistributed while the subject term of 
the convertend is distributed. For the predicate of the 
A proposition is undistributed, and in the converse (where 
this term becomes the subject) must remain undistributed. 

Correct: All beagles are good hunters. 

Therefore, some good hunters are beagles. 
Incorrect: All hotel musicians are union members. 

Therefore, all union members are hotel 

musicians. 

Traditional nomenclature assigns the label "simple conver- 
sion" to conversions of the E and I type. In the case of 
A propositions where the distribution of the subject of 
the converse always differs from the distribution of the 
subject of the convertend conversions are known as "con- 
versions per accidens. y) 

OBVERSION 

To obtain the obverse of a proposition, two things must 
be done : ( i ) Change the quality of the original proposition 
(the obvertend) j that is, if the original proposition is nega- 
tive, change it to affirmative, or vice versa. (2) Negate the 
predicate term of the obvertend by attaching the prefix 
"non-" to it. To negate "organic," make it "nonorganic" or 
"inorganic" 5 to negate "polite" change it to "nonpolite" or 
"impolite," etc. We should never try to handle two loose 
or "floating" negatives in one proposition. Statements like 
"No cats are not mouse hunters" are nonsense in classical 
logic. 
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Obvertend Obverse 

A. All poets are practical. No poets are nonpractical. 

E. No idiots are responsible. All idiots are nonresponsible. 

I. Some teachers are wise. Some teachers are not nonwise. 

O. Some phosphorus is not in- Some phosphorus is nonin- 
flammable. flammable. 

PARTIAL CONTRAPOSITION 

Partial contrapositions of propositions may be obtained 
by ( i) getting the obverse of the original proposition, then 
(2) obtaining the converse of the result. In other words, a 
partial contraposition is the converse of an obverse. 

Original Partial Contraposition 

A. All airplane mechanics are No unemployed are airplane 

employed. mechanics. 

E. No cold-blooded animals Some nonmammals are cold- 
are mammals. blooded animals. 

I 

O. Some New Zealanders are Some non-Polynesians are 

not Polynesians. New Zealanders. 

We note that I propositions cannot be subjected to partial 
contraposition, since this process requires obverting the 
I proposition, and thus obtaining an O. But O propositions 
cannot be converted. 

FULL CONTRAPOSITION 

To obtain the full contraposition of a proposition, we 
obvert the partial contraposition of that proposition. 

Original Full Contraposition 

A. All pin boys are Phi Beta All non-Phi Beta Kappas are 

Kappas. non-pin boys. 

E. No calypso singers are Some non-Bostonians are not 

Bostonians. noncalypso singers. 

O. Some butterflies are not Some nonblue things are not 
blue. nonbutterflies. 

As far as the results are concerned, there is no difference 
between the full contraposition of an E and that of an 
O proposition. 
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OBVERTING THE CONVERSE 

If we reverse the order of the steps involved in partial 
contraposition, we obtain an obverted converse. That is, we 
first convert the original proposition, then we obvert it. 

Original Obverted Converse 

A. All galagos are pessimists. Some pessimists are not non- 

galagos. 

E. No members of the library All members of the social 
committee are members of committee are nonmembers 
the social committee. of the library committee. 

I. Some artists are bohe- Some bohemians are not non- 
mians. artists. 

ARE INFERENCES FROM GENERAL TO PARTICULAR VALID? 

We know that it is formally invalid to infer a general 
proposition from a particular. If I am informed that "Some 
arthritis is curable," I cannot conclude that therefore "All 
arthritis is curable." But what about the other way around? 
Given the proposition "All residents of Locust Valley are 
Republicans," it seems to follow (by conversion per 
accidens) that "Some Republicans are residents of Locust 
Valley." But if the modern doctrine of the nonexistential 
import of general propositions holds (see p. 21), then it 
would appear that particular propositions cannot be in- 
ferred from general ones. For according to this doctrine, 
general propositions do not assert the existence of what 
they are talking about, while particular ones do. Such an 
analysis appears to compromise the validity of many of the 
simple prepositional inferences illustrated above, as well 
as the correctness of a number of syllogistic inferences we 
have yet to examine. The difficulty may be by-passed, 
however, if we assume in such exercises (as did the classical 
logicians) that every class dealt with has at least one mem- 
ber. In the notation of modern logic, this assumption is not 
necessary. 2 

2 The reader interested in further material on existential import in 
g-eneral may consult Strawson, Introduction to Logical Theory, (48) 
pp. 163 ff. 
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THE SQUARE OF OPPOSITION 

The square of opposition is a device of classical logic 
which graphically represents certain relations between 
propositions. Some of these propositions are logically "op- 
posed," others not. Here are the names of these relations 
between propositions, together with illustrations: 

CONTRADICTORIES 

Two propositions are contradictory if both cannot be 
true together nor both false together. In other words, of 
two contradictory propositions, one must be true and the 
other false. Of the four basic types, A and O are contra- 
dictory j so are E and I. 

All Siamese cats have kinked tails. 
Some Siamese do not have kinked tails. 

No Englishmen fail to do their duty. 
Some Englishmen fail to do their duty. 

CONTRARIES 

Two propositions are contrary if both cannot simultane- 
ously be true, but both can be false. A and E are contraries. 

All Easter bunnies melt easily. 
No Easter bunnies melt easily. 

SUBCONTRARIES 

Two propositions are subcontraries if they can both 
simultaneously be true, but not both false. I and O are 
subcontraries. 

Some Papuans wear nose bones. 

Some Papuans do not wear nose bones. 

SUBALTERN AND SUPERALTERN 

A subaltern is the particular counterpart of a general 
proposition. I is the subaltern of A, and O is the subaltern 
of E. 
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Some babies resemble chimpanzees, is the subaltern of 
All babies resemble chimpanzees. 

Some pebbles do not have toes. is the subaltern of 

No pobbles have toes. 

A superaltern is the general or universal counterpart of 
a particular proposition. A is the superaltern of I, and E 
is the superaltern of O. 

All bicycle riders are subversive. is the superaltern of 
Some bicycle riders are subversive. 

No oboe players are bald. is the superaltern of 

Some oboe players are not bald. 

If any superaltern is true, its subaltern is also true. But 
if any subaltern is true, its superaltern may or may not 
be true. If any subaltern is false, its superaltern is also 
false. But if any superaltern is false, its subaltern may or 
may not be false. 

EQUIVALENTS 

Two propositions are equivalent if they are true together 
and false together. That is, when p is true, q is true, and 
when q is true, p is true; also when p is false, q is false, 
and when q is false, p is false. 

All women are cooperative. 
No women are uncooperative. 

Obverses, for example, bear the relation of equivalence to 
their respective originals. (Modern logic distinguishes be- 
tween certain important kinds of equivalence ; this we shall 
see in Chapter 6.) 

INDEPENDENTS 

Two propositions are independent of one another when 
the truth or falsity of one is unrelated to the truth or falsity 
of the other: 

The United States ambassador has just landed at Geneva. 
A modinha is a sentimental Brazilian song. 
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THE SQUARE CONSTRUCTED! TRUTH TABLES 

The relationships above may be quickly appreciated 
when the opposed propositions are in position on the square. 
On the basis of this square, we can construct a simple 
truth table. For example, if A ("All cuttlefish are selfish") 
is true, then its contradictory ("Some cuttlefish are not 
selfish") must be false. If "Some mice have tails" is true, 
then its superaltern "All mice have tails" and its sub- 
contrary "Some mice do not have tails" are undetermined 



All cuttlefish 
are selfish 



contrary 



No cuttlefish 
are selfish 



8. 




Some cuttlefish 
are selfish 



subcontrary 



Some cuttlefish 
are not selfish 



or doubtful. That is, we cannot tell whether such proposi- 
tions are true or false, since both their truth and falsity are 
consistent with the truth of the given proposition. But 
if, for example, "Some mice have tails" is assumed to be 
false, its superaltern, "All mice have tails," will also be 
false; but its subcontrary, "Some mice do not have tails," 
will be true. 

We should see why the truth of an I proposition does 
not in and of itself imply the truth of its subcontrary. If 
"Some S is P" is true, it does not follow that "Some 5 is 
not P" is also true. If I know that some cases of arthritis 
are curable, and nothing beyond this, then it may or may 
not be the case that some cases of arthritis are incurable. 
If I am informed that "Some Bryn Mawr girls are pretty," 
I can no more infer from that information that "Some 
Bryn Mawr girls are not pretty" than I can from a man's 
statement that he has four legitimate children conclude 
that therefore he has a certain number of illegitimate ones. 
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Setting out the tables, using T for true, F for false, and 
U for undetermined, we have: 





A 


E 


I 


O 


If A is true 


T 


F 


T 


F 


If E is true 










If I is true 


U 


F 


T 


U 


If O is true 




















If A is false 










If E is false 










If I is false 










If O is false 











As an exercise, the reader may fill in the rest of the 
spaces himself. 

What about the contradictories of singular statements? 
Pairs of singular statements cannot be contraries, but they 
can certainly contradict one another. The contradictory 
of "Pluto is a planet" is "Pluto is not a planet," or "It 
is not the case that Pluto is a planet." The contradictory 
of "Pope Innocent did not hate King Francis" is "It is 
not the case that Pope Innocent did not hate King Francis," 
or, more simply, "Pope Innocent hated King Francis." 

THE CONTRADICTORIES IN MODERN SYMBOLIC NOTATION 

Let us recall for a moment our analysis of classical 
propositions by means of quantification symbols (pp. 26 ff). 
Suppose we express the four basic prepositional forms in 
terms of the existential quantifier (3#), placing them in 
their appropriate positions on the square of opposition. We 
can see that the contradictory of (3#) (Fx ' Gx) ("There 
is an x which is both F and G") is simply the negation of 
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that expression: (3#) (Fx Gx) ("It is not the case that 
there is an x which is both F and G"). That is, the E 
proposition is the contradictory of the I. Similarly, the con- 
tradictory of (3#) (Fx - Gx) ("There is an x which is F 



-(3x)(Fx'-Gx) A 



E - (3x) (Fx GJC) 




(3x)(Fx-Gx) I 



C3x)(Fx- -Gx) 



and not G") is (3#) (Fx Gx) ("It is not the case that 
there is an x which is F and not G"). In other words, the A 
proposition is the contradictory of the O. 

If we choose to express the four propositional forms in 
the symbolic notation associated with the Venn diagrams 
(p. 23), then we can see that ab ^ O (particular affirma- 




tive I ) is simply the negation or contradictory of ab O 
(universal negative E) ; in the same way, ab ^ O (particular 
negative O) is the negation or contradictory of ab = O. 



QUESTIONS AND EXERCISES 

Explain why the subject and predicate terms in each of 
the following propositions are distributed or undistributed. 
Use circle diagrams in your explanation. 
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1 . A number of old gentlemen are cowards. 

2. Not every octopus has a bad temper. 

3. The wendigo is not a fish. 

4. Every California school teacher drives a late model 
car. 

5. Many Chinese poets drink wine. 

6. Some theodolites have a mechanical shutter arrange- 
ment. 

7. None who hold public office are eligible for jury 
duty. 

8. Happy are those cats who die for catkind. 

9. Tiger snakes are poor bedfellows. 

10. Sound-detecting homing systems are useful in 

underwater warfare. 

Give, where possible, the converse, obverse, partial and 
full contraposition, and obverted converse of each of the 
following propositions. Assume that each class has at least 
one member. 

1. Not one archbishop is a traitor. 

2. Every rectangle is a parallelogram. 

3. Some pills are not medicines. 

4. All spies are bachelors. 

5. Some butterflies are ghosts. 

6. Several truffle-hounds are prize winners. 

7. A few Irishmen are professionals. 

8. All wrestlers are Stanislavski disciples. 

9. Unitarians are not Protestants. 
10. Dog does not eat dog. 

Given "No bisons are grammarians," which of the fol- 
lowing may validly be inferred, and which not? Explain, 
using circle diagrams in each case. Assume each class has 
at least one member. 

1. All nongrammanans are bisons. 

2. Some nongrammarians are not nonbisons. 

3. Some grammarians are nonbisons. 

4. Some nonbisons are not nongrammarians. 

5. No grammarians are bisons. 

Given "All Bostonians are cultivated," which of the fol- 
lowing may validly be inferred, and which not? Explain, 
using circle diagrams in each case. Assume each class has 
at least one member. 

1. Some who are not cultivated are non-Bostonians. 

2. Some who are cultivated are not non-Bostonians. 
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3. Some who are not cultivated are not Bostonians. 

4. Some non-Bostonians are not cultivated. 

5. All who are cultivated are non-Bostonians. 

5. What is the most appropriate name of the relationship 
between the propositions in each of the following cases? 

1. I have propositions p and q such that: 

When f is true, q is false ; 
when p is false, q is false. 

2. I have propositions r and j such that: 

When r is true, s is true ; 
when r is false, s is false. 

3. I have propositions t and u such that: * 

When t is false, u is false; 
when t is true, u is undetermined. 

4. I have propositions m and n such that: 

When m is true, n is undetermined; 
when m is false, n is true. 

5. I have propositions u and v such that: 

When u is true, i> is false; 
when v is true, u is false. 

6. A. Does "Some of Sei Shonagon's writings are in Chinese 

script" imply "Some of Sei Shonagon's writings are 
not in Chinese script" ? Explain. 

B. If "All men obey Agamemnon" is false, what is the 
truth value of "No men obey Agamemnon" ? Ex- 
plain. 

C. Can an O proposition be converted ? Explain. 

7. Give the most appropriate name to the relation between 
the propositions in the following pairs. Identify the infer- 
ences as valid or invalid. Assume all classes have at least 
one member. 

1 . Bushbabies are woolly. 

Those that lack the property of woolliness also 
lack the property of being bushbabies. 

2. Some jazzmen are cool. 

Some who are cool are not nonjazzmen. 

3. Republicans are not rascals. 
Some non-Republicans are rascals. 

4. Hammerhead sharks wear false teeth. 

Some nonwearers of false teeth are not hammer- 
head sharks. 

5. Some unicorns are registered. 

Some who are nonregistered are nonunicorns. 
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6. Some oysters have Oedipus complexes. 

Some nonoysters do not have Oedipus complexes. 

7. Martinis are not intoxicating. 
Nothing that is intoxicating is a Martini. 

8. Some who repent are among those who are saved. 
Some who are saved fall outside the class of those 

who fall outside the class of those who repent. 

9. Some Democrats understand farmers. 

Some who understand farmers are not non-Demo- 
crats. 

10. Logic examples are tiresome. 

Those things which cannot properly be called tire- 
some cannot properly be called logic examples. 

11. I love you. 
You love me. 

12. Not an aardvark was stirring. 

At least one aardvark was stirring. 

13. All stenographers sing. 

Some nonsingers are not stenographers. 

14. Pigs are charming. 

Some noncharming things are nonpigs. 

15. Some grasshoppers eat their husbands. 

Some who eat their husbands are not nongrass- 
hoppers. 

1 6. No Fuller Brush men are Good Humor men. 
Some non-Fuller Brush men are not non-Good 

Humor men. 

17. All benign tumors are curable. 

Some nonbenign tumors are not curable. 

8. Give, where possible, the contradictory, contrary, sub- 
contrary, subaltern, or superaltern of the following prop- 
ositions. Assume all classes have at least one member. 

1. All Berlioz overtures are loud. 

2. Not every Lithuanian is thrifty. 

3. No well-born Arabs are guides. 

4. Some theologians are Platonists. 

5. Amalfi is an Italian town. 

6. It is not the case that Wittgenstein belonged to the 
Vienna circle. 

7. Every planet is an oblate spheroid. 

8. Some double bass players pay extra fare. 

9. All neuroses are abnormalities. 

10. In some inertial guidance control systems, the func- 
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tion of the vertical double-integrating accelerometer 
is performed by a barometric altimeter. 
9. Of two contradictory propositions, can both be true? Can 

both be false? Of two subcontraries can both be true? 

Can both be false? How about these two pairs below? 

Explain. 

1. Some living dinosaurs are not pink. 
Some living dinosaurs are pink. 

2. The murderer of President Wilson was a Czech. 
The murderer of President Wilson was not a Czech. 

10. Which of the following inferences are valid? Explain in 
each case. 

1. All Boston Symphony Orchestra musicians are union 
members; therefore, all Russian-born Boston Sym- 
phony Orchestra members are Russian-born union 
members. 

2. All the wives on this street are mothers; therefore, all 
unfaithful wives on this street are unfaithful mothers. 

3. All German existentialists are German philosophers; 
therefore, all existentialists are philosophers. 
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The syllogism is a form of deductive argument in which, 
granting the truth of two propositions (called the prem- 
ises), the truth of a third proposition (the conclusion) 
necessarily follows. Syllogisms are classified as (i) cate- 
gorical and (2) conditional. Categorical syllogisms are 
composed of three simple or noncompound propositions. 
Here is an example of a categorical syllogism : 

All alkaloids are poisonous. 
Strychnine is an alkaloid. 



Therefore, strychnine is poisonous. 

Conditional syllogisms fall into two subclasses : ( i ) hypo- 
thetical or implicative ("if . . . then") syllogisms j and 
(2) alternative-disjunctive or "either . . . or" syllogisms. 
Examples would be: 

1. Hypothetical syllogism: 

If the patient has fever, he is infected. 
The patient has fever. 

.'. He is infected. 

2. Alternative-disjunctive syllogism: 

Either Pat was joking or she really loved him. 
Pat was not joking. 

.*. She really loved him. 

The larger part of the classical doctrine of the syllogism 
is devoted to the categorical syllogism. This we shall now 
examine. 
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STRUCTURE OF THE CATEGORICAL SYLLOGISM 

We may consider the following syllogism as typical: 

All marsupials are vertebrates. 
All wallabies are marsupials. 



.". All wallabies are vertebrates. 

The first proposition is called the major premise, the sec- 
ond is called the minor premise, and the third is called the 
conclusion. The term which occurs once in the major 
premise and once in the conclusion is called the major term. 
The term which occurs once in the minor premise and once 
in the conclusion is called the minor term. The term which 
occurs once in the major premise and once in the minor 
premise (and never in the conclusion) is called the middle 
term. In the syllogism illustrated, the major term is "verte- 
brates," the minor term "wallabies," and the middle 
"marsupials." 

RULES OF THE CATEGORICAL SYLLOGISM 

Some syllogisms are valid; others are not. The following 
rules are given by means of which we may determine the 
validity of categorical syllogisms: 

i. The syllogism must have three and only three terms. 
The following syllogism violates this rule: 

Cats like cream. 
Kittens are pets. 



. Kittens like cream. 

It is clear in the syllogism above that there are four terms: 
(i) "cats," (2) "like cream," (3) "pets," (4) "kittens." 
Hence the syllogism commits "the fallacy of four terms." 
In certain syllogisms, the middle term is ambiguous or 
double-meaninged, thereby creating what is in effect the 
fallacy of four terms. Consider the following: 

No nice girl swears. 

Caroline, when called to the witness stand, swore. 

.". Caroline, when called to the witness stand, was not 
a nice girl. 
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Taken as an argument in which attention must be paid to 
the meanings of terms rather than as a purely formal infer- 
ence pattern, the syllogism above would commit the fallacy 
of four terms. For the middle term "swear" is used in one 
sense in the major premise ("to use improper language") 
and in another sense in the minor premise ("to take a legal 
oath"), thereby, in effect, creating four terms. 

2. The syllogism must have three and only three 'prop- 
ositions. This is obvious, and requires no illustration. 

3. The middle term must be distributed once at least. 
Consider the following syllogism: 

All Democrats are Americans. 
All Republicans are Americans. 

.*. All Republicans are Democrats. 

It is evident that simply because two subclasses happen to 
belong to one and the same class, it does not follow that 
they are identical with each other. Because ducks swim and 
you do too, it does not follow that you are a duck. (It does 
not follow that you are not a duck, either.) The error in 
the syllogism above is known as "the fallacy of the undis- 
tributed middle term." Here is another example, with the 
undistributed middle marked: 

All Socialists favor organization of the workers (undis.). 
All labor unionists favor organization of the 

workers (undis.). 

.'. All labor unionists are Socialists. 

The middle term, "favor organization of the workers," is 
undistributed in each premise because it is the predicate 
term of an A proposition. (Review the topic of Distribution 
of Terms, pp. 33 ff.) 

4. // a term is distributed in the conclusion, it must also 
be distributed in its yroyer premise. 

Only two terms appear in the conclusion of a syllogism, 
the minor and major terms. Therefore, we have two and 
only two possible ways of violating this rule. ( i ) The major 
term may be distributed in the conclusion and undistributed 
in the major premise. This is known as the "illicit process 
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of the major." Or (2) the minor term may be distributed 
in the conclusion and undistributed in the minor premise. 
This is known as the "illicit process of the minor." 
Here is an example of the illicit major: 

All mathematicians are good-tempered. 
No poets are mathematicians. 

.'. No poets are good-tempered. 
Here is another example, with the distribution marked: 

Pterodactyls are prehistoric animals (undis.) 
Shetland ponies are not pterodactyls. 

.*. Shetland ponies are not prehistoric animals (dis.). 

In the syllogism above, the major term "prehistoric ani- 
mals" is distributed in the conclusion (it is the predicate 
term of an E proposition), but it is undistributed in the 
major premise (for it is the predicate term of an A proposi- 
tion). Hence, it is an illicit process of the major. 
Here is an example of the illicit minor: 

Those who lack culture should take a humanities course. 
Many sophomores lack culture. 

. . All sophomores should take a humanities course. 

Here is another example of the fallacy of the illicit minor, 
with the distribution of the minor term marked: 

No hirds are viviparous. 

All birds are bipeds (undis.). 



No bipeds (dis.) are viviparous. 

In the syllogism above, the minor term "bipeds" is dis- 
tributed in the conclusion (subject term of an E proposi- 
tion), but it is undistributed in the minor premise (predicate 
term of an A proposition). Hence, it is an illicit minor. 

5. From two negative 'premises, no conclusion can be 
drawn. Given the two premises: 

No peat is anthracite. 

No bituminous coal is anthracite. 

we cannot infer that: 

No bituminous coal is peat. 



The Syllogism (I) 53 

Because two classes are both excluded from one and the 
same third class, it does not follow that they have or have 
not anything to do with each other. Violation of this rule 
may be called "the fallacy of the two negative premises." 
6. From two particular premises, no conclusion can be 
drawn. Here is an example of a violation of this rule: 

Some cocktails are too sweet. 
Some mixed drinks are cocktails. 



.*. Some mixed drinks are too sweet. 



We note that this syllogism also violates an earlier rule, 
since the middle term is twice undistributed. Thus, it com- 
mits th^Jallacy of the undistributed middle as well as that 
of the two particular premises. 

7. // one premise is negative, the conclusion must be 
negative. An example of a violation of this rule would be: 



No bats are viola players. 
All bats bite toes. 



.". Some that bite toes are viola players. 

8. // one premise is particular, the conclusion must be 
particular. Here is an example of a violation of this rule: 

Bedlington terriers look like lambs. 
Some Bedlington terriers look like rats. 



.'. All that look like rats look like lambs. 

We can see that this syllogism also violates the rule which 
says that no term may be distributed in the conclusion 
which was not already distributed in its proper premise^ 
In other words, an illicit minor is committed here as well 
as a violation of the present rule. 

9. From two affirmative premises, a negative conclusion 
cannot be drawn. An example of a violation of this rule 
follows: 

All teddy-bears are bad-mannered. 

Those who are bad-mannered will be punished. 

.'. Some who will be punished are not teddy-bears. 
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MOODS AND FIGURES OF THE 
CATEGORICAL SYLLOGISM 

MOOD 

Every syllogism has three propositions, and each propo- 
sition may be either an A, E, I, or O proposition. The 
mood of a syllogism refers to the particular combination 
of propositions that make it up. For example, the following 
syllogism is in the mood AAA: 

All Scotsmen arc thrifty. 
All gillies are Scotsmen. 

.*. All gillies are thrifty. 

That is, the major premise of the syllogism is an A propo- 
sition, so too is its minor, and its conclusion. A syllogism 
in the mood EAO would be one in which the major 
premise is an E proposition, the minor an A, and the con- 
clusion an O. 

How many possible moods are there? The question 
whether or not they are valid being set aside for the 
moment, we can see that there are 64 possible moods of 
the categorical syllogism. They are: 

AAA AIA EAA EIA IAA IIA OAA OIA 

AAE AIE EAE EIE IAE HE OAE OIE 

AAI All EAI EII IAI III OAI Oil 

AAO AIO EAO EIO IAO IIO OAO OIO 

AEA AOA EEA EGA IEA IOA OEA OOA 

AEE AOE EEE EOE IEE IOE OEE OOE 

AEI AOI EEI EOI IEI IOI OEI OOI 

AEO AOO EEO EOO IEO IOO OEO OOO 

Now, suppose we test these 64 possible moods according 
to the rules of the syllogism. On simple inspection, we 
find that we dismiss many of these syllogisms as invalid 
without going to the bother of constructing them. For 
example, all the OO's may be dismissed as invalid, because 
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of the rule forbidding two negative premises as well as the 
rule against two particular premises. All the EE's go out, 
because of the rule concerning two negative premises. The 
IPs the lO's, and the OPs are eliminated by the rule con- 
cerning two particular premises. AAO is scratched by virtue 
of Rule 9, AIA by Rule 8, and so forth. 

After completing this process of elimination by simple 
inspection, we find that we have 1 2 moods remaining which 
we may tentatively take to be valid. They are : 

AAA EAE IAI OAO 

AAI EAO IEO 

AEE EIO 

AEO 

All 

AGO 

But we cannot yet consider these moods valid until we 
have constructed each syllogism in each of the four figures. 

FIGURE 

The figure of a-^syllogism refers to the position of the 
middle term in the premises of the syllogism. If we look 
at the following four syllogisms, we notice they are all in 
the same mood (AAA), but that the position of the middle 
term is different in each case. 

I. All orchids are parasites. 2. All koalas are good. 
All cattleyas are orchids. All little girls are good. 

.'. All cattleyas are para- .". All little girls are 

sites. koalas. 

3. All oboists are bald. 4. All guppies eat their chil- 

All oboists play chess. dren. 

/.All who play chess are A11 ho * at their chMren 
bald. are rude - 



.'. All who are rude are 
guppies. 

Now, of the syllogisms above, only the first is valid. The 
second commits the fallacy of the undistributed middle 
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term, while 3 and 4 are guilty of the illicit process of the 
minor. That is, AAA is valid only in the first figure; it is 
invalid in the other three. 

The following schema shows the position of the terms in 
each of the four figures. If we let X stand for the major 
term, Y for the middle term, and Z for the minor term, the 
figures are as follows: 

ist Figure 2nd Figure $rd Figure ^th Figure 

YX XY YX XY 

ZY ZY YZ YZ 

ZX ZX ZX ZX 

By convention, the order of terms in the conclusion of a 
syllogism is always minor-major (ZX). 

Now if we take each of the 12 moods we were left with 
above and construct them in each of these four figures, we 
shall discover that of the 48 resulting syllogisms, only 
24 will pass the test of the rules. Here they are: 

ist Figure 2nd Figure $rd Figure ^th Figure 

AAA EAE AAI EIO 

EAE AEE All AAI 

All EIO IAI AEE 

EIO AGO EIO EAO 

EAO IAI 

(AAI) (EAO) OAO 

(EAO) (AEO) (AEO) 

WEAKENED CONCLUSIONS AND STRENGTHENED PREMISES 

The five syllogisms in parentheses above are valid accord- 
ing to the rules of the syllogism. But they have "weakened 
conclusions." That is, they draw particular (I and O) con- 
clusions when, from the premises, they might just as well 
have drawn general conclusions (A or E), For example, 
suppose we take AAI (first figure) : 

All Frenchmen respect poets. 

All residents of Toulon are Frenchmen. 



.'. Some residents of Toulon respect poets. 
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It is clear that, from the premises above, we could validly 
have drawn the conclusion, "All residents of Toulon respect 
poets." That is why AAI in the first figure and the other 
four syllogisms in parentheses are known as syllogisms 
with weakened conclusions, and why classical logicians 
regarded them as redundant. 

The four syllogisms in the table above in bold face (as 
well as four of the syllogisms with weakened conclu- 
sions) are syllogisms with strengthened premises. All have 
two general or universal premises and a particular conclu- 
sion. Now, these syllogisms could draw the same conclusion 
even if one of their premises were reduced from general 
to particular. For example, consider EAO, fourth figure: 

No crocodiles are voters. 
All voters are literate. 



.*. Some who are literate are not crocodiles. 

It is obvious that this same conclusion could be reached 
validly if for the minpr premise should be substituted its 
particular form or subaltern "Some voters are literate." 
Unlike syllogisms with weakened conclusions, these four 
syllogisms with strengthened premises are not redundant. 
Their conclusions cannot be replaced by their superalterns. 
We shall see that syllogisms with strengthened premises 
or weakened conclusions fail to pass certain relatively mod- 
ern tests we are about to examine. The reason is that in 
these interesting syllogisms, a particular conclusion is 
inferred from two general premises. If particular proposi- 
tions are taken (as in the Venn analysis) to assert existence 
and general propositions as not asserting existence (see 
(pp. 21 ff.), then universal and particular propositions are 
of radically different import. But if this is so, particular 
conclusions cannot be inferred from general premises. 
However, we know that classical logicians interpreted both 
general and particular propositions existentially. Hence syl- 
logisms with strengthened premises and weakened conclu- 
sions are valid by traditional rules. 
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CODE NAMES FOR VALID SYLLOGISMS 

Traditional logic preserves certain code names which 
medieval logicians invented to help students learn the 
valid syllogisms in each mood and figure, and to assist 
in the performance of certain syllogistic exercises. These 
code names are quaint but (as we shall see) oddly useful. 
The code name of the syllogism in AAA, first figure, is 
BARBARA j that of EAE, second figure, CESARE. The vowels 
of the code names stand for the mood of the syllogism. 
Certain of the consonants in the code names are also signifi- 
cant. Here is a complete list of the code names: 



ist Figure 


2nd Figure 


^rd Figure 


4th Figure 


BARBARA 


CESARE 


DARAPTI 


FRESISON 


CELARENT 


CAMESTRES 


DATISI 


BRAMANTIP 


DARII 


FESTINO 


DISAMIS 


CAMENES 


FERIO 


BAROCO 


FERISON 


FESAPO 






FELAPTON 


DIMARIS 


(AAI) 


(EAO) 


BOCARDO 





(EAO) (AEO) (AEO) 

Syllogisms with weakened conclusion have no code names, 
and are listed in parentheses. The syllogisms with strength- 
ened premises, however, have code names; they are (in 
the third figure) DARAPTI and FELAPTON, and (in the fourth 
figure) BRAMANTIP and FESAPO. 

A SECOND TEST OF VALIDITY! VENN DIAGRAMS 

The syllogism may be treated as a device to show the 
relations between three classes. Hence we can diagram 
syllogisms with three intersecting Venn circles, each of 
which represents a class. One circle stands for the class 
designated by the major term; another for that of the 
minor; the third for the class of the middle term. Let us 
take a syllogism in BARBARA (AAA, first figure) : 

All whales are introverts. 
All grampuses are whales. 



All grampuses are introverts. 
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If we diagram this syllogism with three Venn circles, we 
see that places are reserved for a number of subclasses 
produced by the intersection of the three class circles: 




WGI 



The center area GWI will accommodate those that are 
whales, introverts, and grampuses. The area at the extreme 
lower left GWI is available for grampuses, nonwhale^ and 
nonintroverts. The area at the extreme lower right IWG is 
reserved for introverts who are neither grampuses nor 
whales, and so forth. 

Now let us take the major premise: 

All whales are introverts. 

From our earlier study of the Venn diagrams, we know 
that the forms of this proposition may be expressed: 

i 

1UI O 

That is, whales that are not introverts form a class of no 
members j there are no nonintroverted whales. Accordingly, 

w 




WGI 



let us shade in that area of the "whale" circle outside the 
"introvert" circle. In accordance with the conventions of 
the Venn diagrams, the shaded area has no members. 
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Now consider the minor premise: 
All grampuses are whales, gw O 

Since there are no grampuses that are not whales, the area 
of the "grampus" circle that is outside the ^whale" circle is 
shaded in. We shade in areas GWI and IWG. (To distin- 
guish the two shaded areas we use two different types of 
shading.) 




WGI 



Now the validity of this syllogism can be tested and con- 
firmed by inspection of the diagram. For by diagraming 
the premises, we have also diagramed the conclusion: 

All grampuses are introverts, gl = o 

This conclusion states that there are no grampuses that are 
not introverts. But the diagram tells us exactly that. The 
area which would accommodate nonintroverted grampuses 
(the sum of areas GWI, WGI) is shaded, showing that it 
has no members. 

Or put it this way. If the conclusion of the syllogism is 
false, then its contradictory "Some grampuses are not intro- 
verts" (gi 7^ o) must be true. But this means that there is at 
least one member in the area reserved for nonintroverted 
grampuses. Could this contradictory of the original conclu- 
sion be diagramed? No, for this would require our putting 
an x or an asterisk in that area to show that at least one 
member existed there. But this is impossible, since the area 
is already shaded j this shows that there are no inhabitants 
in it. Thus, if the contradictory of the conclusion cannot be 
read from the diagram, it is false ; and being false, its con- 
tradictory, the original conclusion, must be true. 
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Suppose we diagram a syllogism in DATISI (AH, third 
figure) : 

All bassoonists are temperamental. 
Some bassoonists are Frenchmen. 



.'. Some Frenchmen are temperamental. 

We notice that this is a syllogism one of whose premises is 
a universal and the other a particular proposition. In dia- 
graming such syllogisms, it is convenient to diagram the 
universal premise first. Since the major premise tells us 
that there are no bassoonists who are nontemperamental 
(bt = o), we shade in the appropriate area. And, since the 
minor premise informs us that there is at least one bassoon- 
ist who is a Frenchman (^/v^o), we place an x in the 




appropriate area. The region in which we place the x could 
not have been shaded, for the x means "there is at least one 
member here," and shaded areas have no members. Now, 
having diagramed the premises, we may see by inspecting 
the diagram that the conclusion "Some Frenchmen are 
temperamental" is also diagramed. For there is an x in the 
area common to Frenchmen and those who are tempera- 
mental, meaning that there is at least one Frenchman who 
is temperamental. 

Now let us construct a diagram for a syllogism in AOO, 
third figure: 

All ghosts are vaporous. gv = O 

Some ghosts do not sing. gs = o 

.*. Some singers are not vaporous, sv ^ o 
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The major premise tells us that there are no non vaporous 
ghosts (gv = o). So we shade the appropriate area to show 
absence of inhabitants. The minor informs us that there is 
at least one nonsinging ghost (gs ^ o). So we put an x in 
the appropriate area. Now we try to read off the conclusion 




from the diagramed premises. But we cannot. Why? The 
conclusion tells us that there is at least one singer who is 
not vaporous (sv ^ o) j yet there is no x in the appropri- 
ate area (nonvaporous singer) to tell us that there is at least 
one inhabitant of that area. 

Now let us try a syllogism in All, second figure: 

All koalas are gentle. 
Some wombats are gentle. 

.'. Some wombats are koalas. 




The major premise tells us that nongentle koalas do not 
exist (kg = o), so we shade in the appropriate area. The 
minor premise informs us that there is at least one gentle 
wombat (wg = o). Where shall we put the x? It could go 
into either sector WGK or WGK. But there is no further 
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information to help us decide^ which. So we put the x on 
the borderline between WGK and WGK. The premises 
now satisfactorily diagramed, we shall try to read the con- 
clusion. But we find that we cannot. The conclusion informs 
us that there is at least one wombat which is at the same 
time a koala (w=?^o). But there is no x inside the un- 
shaded area common to wombats and koalas to show that 
there is at least one wombat-koala. The x on the borderline 
shows no more than this that there could be a wombat 
that is a koala. It does not show that there is one. Hence 
the conclusion cannot be read from the diagram of the 
premises, and the syllogism is invalid. 

Finally, let us diagram the following syllogism: 

All Irishmen are kings. 
All Irishmen are wanderers. 



.'. Some wanderers are kings. 

The diagram completed, we find that we cannot read off 
the conclusion. The conclusion states that there is at least 
one wanderer-king (wk=o). But we find no x in the 
unshaded area reserved for wanderer-kings. It would seem 
that the syllogism is invalid, and so it is by Venn diagrams. 




But the syllogism is DARAPTI (AAI, third figure) and tests 
valid by the traditional rules. How is the discrepancy to 
be explained? The answer is that DARAPTI is one of the syl- 
logisms with strengthened premises. Such syllogisms have 
two universal premises and a particular conclusion. Now, 
assuming the distinction between existential and nonexisten- 
tial propositions (a distinction on which the Venn diagrams 
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are based), then a particular conclusion cannot be derived 
validly from two general premises. "All Irishmen are 
kings" means only (on the Venn interpretation) that if 
there is an Irishman, then he is a king. "All Irishmen are 
wanderers" means only that if there is an Irishman, he is a 
wanderer. But the conclusion, "Some wanderers are kings," 
asserts the existence of at least one wanderer-king. And for 
this assertion of existence, the premises give no ground $ 
they do not assert the existence of anything. 

DARAPTI tests valid by the traditional rules and "com- 
mon sense" because classical logic and ordinary usage gen- 
erally assume the existential interpretation of general 
propositions. That is, when in ordinary discourse we say 
"All Irishmen have royal blood," we tacitly assume "And 
everybody knows there are Irishmen." Syllogisms with 
weakened conclusions will also fail to test "valid" by Venn 
diagrams. The reason is the same as above. 



QUESTIONS AND EXERCISES 

Test the following syllogisms according to the traditional 
rules. If more than one fallacy is committed, note accord- 
ingly. 

1. No memher of the Tietjens family wears a wig. 
Some memhers of the Tietjens family practice law. 
.'. Some who practice law wear wigs. 

2. Some dinosaurs are carnivorous. 
All dinosaurs are extinct. 

.". Some who are extinct are carnivorous. 

3. None of the prisoners kept diaries. 

Those who kept diaries are not among the survivors. 
.*. Some among the survivors are not prisoners. 

4. Those who fail to understand the point will raise 
their hands. 

All who fail to understand the point are rather dim. 
.'. Some who are rather dim will raise their hands. 

5. None of your relatives should dress in shorts. 
Those who should dress in shorts have good posture. 
. " . Some who have good posture are not your relatives. 
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6. All sharks bite. 

None who have lost their false teeth bite. 
.*. Some who have lost their false teeth are not 
sharks. 

7. No phoenix ever dies. 
Every phoenix is immortal. 

.*. Nothing immortal ever dies. 

8. Some of Keats's poems are not well rhymed. 
All Swinburne's poems are well rhymed. 

.". Some of Swinburne's poems are not Keats's poems. 

9. No radiological defense measures are 100 percent 

effective. 

All radiological defense measures are subject to con- 
stant revision. 

.". Nothing subject to constant revision is 100 percent 
effective. 

10. All behavionst psychologists harbor white rats. 
Those who harbor white rats risk fleas. 

.'. Some who risk fleas are behavionst psychologists. 

1 1. No salamander can live in a fire. 

All who can live in a fire are made of asbestos. 
.". Some who are made of asbestos are not salaman- 
ders. 

12. Some chaplains' yeomen cannot tie a bowline on a 
bight. 

All chaplains' yeomen can take good notes. 
.". Some who can take good notes cannot tie a bowline 
on a bight. 

13. Some cuttlefish registered for library cards. 

None who registered for library cards are old resi- 
dents. 
.'. No old residents are cuttlefish. 

14. None of Albertine's lovers are happy. 
Friends of Marcel are not Albertine's lovers. 
.'. Some friends of Marcel are happy. 

15. Some atomic nuclei are heavier than others. 
All atomic nuclei contain protons. 

.". Some things that contain protons are heavier than 
others. 
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1 6. Some anteaters cannot do fine embroidery. 

All who can do fine embroidery make good wives. 
.*. Some anteaters do not make good wives. 

17. All vacuum tubes have grids. 
Some vacuum tubes have plates. 
.'. Some plates are grids. 

1 8. Girls under 16 are not permitted to dance here. 
None who are permitted to dance here come unes- 
corted. 

.*. Whoever comes unescorted is not a girl under 16. 

19. Mammals have four-chambered hearts. 

Some animals found in Brazil have four-chambered 

hearts. 
.*. Some animals found in Brazil are mammals. 

20. Some dolphins have been mistaken for mermaids. 
Those who have been mistaken for mermaids dwell 

in the finny deep. 
.'. Some who dwell in the finny deep are dolphins. 

2. A. Write down the 64 possible moods of the categorical 

syllogism from AAA to OOO. With a pencil draw a 
line through as many moods as you can eliminate as 
invalid at sight by appeal to the last five of the tradi- 
tional rules. Compare your results with the 12 moods 
listed as "tentatively valid" on p. 55. 

B. If it were considered invalid to draw a particular con- 
clusion from two general premises on the ground that 
the former is existential in import and the latter non- 
existential, how many categorical syllogisms, tradition- 
ally considered valid, would have to be eliminated ? 
(Reexamine syllogism No. 4 in Exercise i.) 

3. Construct syllogisms with your own subject matter in the 
following moods. Test by traditional rules. Test by Venn 
diagrams. Explain any discrepancy in the results of the two 
methods of testing. 

1. AEO, 2 6. AAI, 3 

2. EAE, 3 7. EAO, 4 

3. EIO, i 8. AAI, i 

4. IEO, 2 9. AGO, 3 
5- All, 2 10. OAI, 3 

4. Explain briefly why it is that syllogisms with weakened 
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conclusions or strengthened premises cannot possibly com- 
mit the fallacy of the illicit minor. Show which syllogisms 
with weakened conclusions also have strengthened prem- 
ises. 

5. A. Why is it that when the minor term is predicate in the 

premise, the conclusion cannot he an A proposition? 
Explain carefully. (Hint: to begin, suppose the con- 
clusion were an A proposition.) 

B. In the first figure, the minor premise must be affirma- 
tive and the major premise universal. True? Explain. 

C. In the second figure, the premises must differ in quality 
and the major premise must be universal. True? Ex- 
plain. 

D. In the third figure, the minor premise must be affirma- 
tive and the conclusion particular. True" 3 Explain. 

E. If the major term of a syllogism is the predicate of the 
major premise, what do we know about the minor 
premise ? 

F. If the conclusion of a syllogism is a universal proposi- 
tion, the middle term can be distributed only once in 
the premises. True? Explain. 

6. Test the following by traditional rules. Test by Venn dia- 
grams. 

1.^ = 6. ab=? o 

cd :==: O cb == O 



cb = O 



ca 



2. ab ~ O 7. ab =7^ O 
be O ac =7^ O 

cd O ca = O 

3. ab = O 8. ab = O 
ac = O cb = O 

cb =7^= O ca = O 

4. ab = O 9. ab = O 

cd = O cb = O 



cb 7^ 



fl O 
be O 

ca = O 
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7. By convention (see page 56), the order of terms in the 
conclusion of a categorical syllogism is minor-major (ZX). 
But valid syllogisms can be constructed in which the order 
of terms in the conclusion is major-minor (XZ). For 
example : 

No anteaters are cowards. 
All pangolins are anteaters. 

.'. No cowards are pangolins. 

Construct three or four of these syllogisms (e.g. EAE, 2; 
AAI, 3; with conclusions converted). Can you give any 
reason why these valid syllogisms are not included in the 
traditional list of valid syllogisms ? (Hint: transpose the 
premises, and identify the resulting syllogism.) 

8. Test the validity of the following syllogistic arguments. 

1. "It is impossible for members of the executive com- 
mittee to be members of the social committee ; for no 
members of the social committee are members of the 
library committee, and every member of the library 
committee is a member of the executive committee/' 

2. "Without doubt, platypuses are monotrcmes; for 
platypuses are oviparous, and being oviparous is a prop- 
erty of monotremes." 

3. "Liliana is obviously engaged, for she is wearing a 
diamond ring on the third finger of her left hand. 
And only engaged girls wear such rings." 

4. "No trains that stop at Speonk stop at Easthampton, 
because all trains that stop at Montauk stop at East- 
hampton, and no trains that stop at Speonk stop at 
Montauk." 

5. "McKay murdered him. For we know that the mur- 
derer had red hair, possessed a .38-cahber revolver, 
quarreled with the deceased, and had access to his 
apartment. And we also know that McKay has every 
one of these characteristics." 

6. "Barium salts do not have yellow spectrascopic lines. 
The reason is that sodium salts have yellow spectra- 
scopic lines, and barium salts are not sodium salts." 

7. "It cannot be that mammoths are extinct, because 
elephants are not extinct and mammoths are a kind 
of elephant." 

8. "Mr. Peters is not a charitable man, for during the 
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year he has not given anything to the poor; and we 
all know that charitable men during the course of a 
year give at least something to the poor." 
9. "Capital punishment should be abolished; for what- 
ever mutilates a man is inhumane, and all executions 
mutilate men." 

10. "At least a few men of C Division cannot have 
drowned, for none of C Division were stationed on 
the boat deck, and those who were stationed on the 
boat deck were not in C Division." 

Reconsider argument No. 5 in Exercise 8 above. The syl- 
logism is, of course, formally invalid. Yet in practical 
affairs, we often rely on such arguments to settle vital 
issues. Why is this? 



The syllogism (II) 



REDUCTION OF THE "IMPERFECT" 
FIGURES OF THE SYLLOGISM 

We reduce a syllogism when we change it from second, 
third, or fourth figure into a valid and equivalent syllogism 
of the first figure. Many classical logicians held that all 
valid syllogisms derived their validity from the axiom 
known as the dictum de omni et nullo, which states that 
"What is true of the universal (or class) is true of the par- 
ticular (or subclass)" or the negative corollary, "What is 
untrue of the universal is untrue of the particular." Now, 
syllogisms of the first figure plainly follow this axiom. This 
can be seen by comparing the pattern of any first-figure 
syllogism with the wording of the dictum. And if syllo- 
gisms of the first figure can be proved valid by showing 
that they follow the dictum, syllogisms which can be shown 
by reduction to be the equivalents of first-figure syllogisms 
are proved valid as well. Actually, there is no need to base 
the validity of a syllogism exclusively on the dictum. Nev- 
ertheless, reduction of the so-called "imperfect" figures of 
the syllogism to valid moods of the first figure (valid in 
that they follow the dictum) is a useful logical exercise as 
it furnishes us with still another means of testing the valid- 
ity of syllogisms. 

THE TECHNIQUE OF REDUCTION 

Syllogisms of the second, third, and fourth figures may 
be reduced to moods of the first figure by converting cer- 
tain propositions of the syllogism and transposing the prem- 
ises when necessary. For example, CAMESTRES (AEE, 

70 
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second figure) reduces to CELARENT (EAE, first figure) by 
carrying out the following simple operations : 

1. Transpose premises. 

2. Convert original minor premise. 

3. Convert conclusion. 

Here is a syllogism in CAMESTRES: 

All Chinese poets are delicate souls. 
No boors are delicate souls. 

.'. No boors are Chinese poets. 
Now, here is the syllogism reduced to CELARENT: 

No delicate souls are boors. 

All Chinese poets are delicate souls. 

.'. No Chinese poets are boors. 

Certain significant consonants in the code names of the 
syllogisms are helpful in performing reduction. The initial 
letter of the names of the second, third, and fourth figures 
tells which syllogism of the first figure the syllogism in 
question will reduce to. For example, CAMESTRES reduces 
to CELARENT, DARAPTI to DARii. More important, however, 
are the following significant consonants which are given 
below together with their meanings: 

m (mutare) Transpose premises. 

s (simpliciter) Convert preceding proposition simply 
(that is, like an E or an I proposition). 

p (per accident} Convert preceding proposition per acci- 
dent (that is, like an A proposition). 

By following such hints, we may see that FESTINO can be 
reduced to FERIO (by converting the major), DISAMIS to 
DARII (by transposing the premises, converting the original 
major and conclusion), and so on. 

REDUCTION OF BAROCO AND BOCARDO 

In order to reduce these two syllogisms (AOO, second 
figure j and OAO, third figure), it is necessary to employ 
obversion. Now, in ages past the use of obversion in reduc- 
tion was frowned on for reasons that need not concern us 
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here; but there is no reason why at our stage we cannot 
reduce these syllogisms using obversion as needed. If the 
use of obversion is permitted, however, we shall need new 
code names for these two syllogisms and one new signifi- 
cant consonant : 

k Obvert the preceding proposition. 

The new code names are FAKSOKO and DOKSAMOKS. Since 
k means "Obvert the preceding proposition," and s means 
"convert," the combination ks will stand for "Give the par- 
tial contraposition of the preceding proposition." Here then 
is FAKSOKO (the old BAROCO, AOO, second figure): 

All librarians are faculty. 
Some staff are not faculty. 



. . Some staff are not librarians. 

Replacing the major (an A proposition) by its partial con- 
traposition (ks), and replacing the minor (the first O 
proposition) by its obverse (k), we obtain the following 
syllogism in FERIO (EIO, first figure): 

No non faculty are librarians. 
Some staff are nonfaculty. 



.'. Some staff are not librarians. 

DOKSAMOKS (the old BOCARDO, OAO, third figure) may be 
reduced to DARII by transposing the premises (M) and 
replacing both O propositions by their partial contraposi- 
tions (ks). 



BAROCO AND BOCARDO 

Classical logicians of olden days refused to recognize 
the validity of the reductions of BAROCO (FAKSOKO) and 
BOCARDO (DOKSAMOKS) as given above. Such reductions 
involved obversion, to which they objected. Unable to 
show, therefore, that these two syllogisms followed the 
dictum, and hence unable to demonstrate their validity 
by appeal to this basic axiom, classical logicians devised 
an independent way of demonstrating the validity of syl- 
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logisms which dispensed with appeal to the dictum. This 
is done by the method of demonstration per impossibile 
that is, by showing that any assumption of the invalidity 
of BAROCO and BOCARDO is impossible. This method is 
known as "indirect reduction." It constitutes a fourth test- 
ing procedure for validity. 

First let us concede that // it can be shown that, given 
the truth of the premises of a syllogism, the truth of its 
conclusion necessarily follows, then the syllogism is valid. 
We can have no doubt of this, for it is in this way that 
syllogistic reasoning is defined. Now here is BAROCO (AOO, 
second figure) : 

All Italians love music. 

Some Tunisians do not love music. 



.". Some Tunisians are not Italians. 

Given: the two premises as true. 

To prove: "Some Tunisians are not Italians" must be true. 

1. Suppose the conclusion "Some Tunisians are not Ital- 
ians" is false. Then its contradictory, "All Tunisians are 
Italians," musfc be true. For of two contradictories one 
must be true, the other false. 

2. Take this contradictory of the original conclusion and 
combine it with the major premise of the original syllo- 
gism: 

All Italians love music. 
All Tunisians are Italians. 

What follows? 

All Tunisians love music. 

3. But this new conclusion, "All Tunisians love music," 
cannot be true, for it contradicts the original minor which 
was given as true. 

4. Now, if "All Tunisians love music" is false, then 
"All Tunisians are Italians" is also false, since it was given 
as true in the original major that "All Italians love music." 

5. If "All Tunisians are Italians" is false, then its 
contradictory, "Some Tunisians are not Italians," must be 
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true. For of two contradictories one must be true, the other 
false. Q.E.D. 

This "indirect" method of demonstrating the validity of 
syllogisms may also be applied to BOCARDO. (In the second 
step, combine the contradictory of the conclusion with the 
original minor.) In fact, the validity of any syllogism of the 
second, third, and fourth figures may be tested in this way. 
But in the case of syllogisms of the first figure, such a dem- 
onstration would be circular since the second step of the 
demonstration assumes the validity of the first figure. 1 

THE ANTILOGISM 

The antilogism is closely related to the procedure used 
in indirect reduction. // is a syllogism whose condition 
has been replaced by its contradictory. Developed by 
Christine Ladd-Franklin, the antilogism or "inconsistent 
triad" is a device to test syllogisms without using the 
traditional rules. Thus the antilogism becomes our fifth 
test for validity of categorical syllogisms. 

The antilogism of every valid syllogism must meet three 
conditions: 

1. It has two universal propositions and one particular 
proposition, or (symbolically) two equations ( = ) and 
one inequation (=7^). 

2. The two equations have a common term which occurs 
once affirmatively and once negatively. 

3. The inequation will contain the other terms, identically 
as they occur in the equations. 

For example, let us take a syllogism in BARBARA (AAA, 
first figure), and place beside each of its propositions the 
equivalent Venn prepositional formula (null form): 

All petty officers are enlisted men. ab O 

All gunner's mates are petty officers. cd = o 

.'. All gunner's mates are enlisted men. cb = o 

1 Such a proof would commit the fallacy of "begging the question" 
(fetitio principii) . See Chapter 10, p. 218. 
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Replacing the conclusion with its contradictory, we get 
the following antilogism: 

All petty officers are enlisted men. fib o 

All gunner's mates are petty officers. cd o 

.". Some gunner's mates are not enlisted men. cb =7^ O 

The antilogism thus obtained meets the three conditions 
required, and hence the syllogism from which it is derived 
is valid. Here is a second example, this time OAO, second 
figure : 

Some misogynists are not married. ah=^=o 

All of my brothers are married. c ^ ~ 

.'. Some of my brothers are not misogynists. cd ^ o 

Replacing the conclusion with its contradictory, we obtain 
the following antilogism: 

Some misogynists are not married. ak=7^=o 

All of my brothers are married. cb = o 

.'. All of my brothers are misogynists. cd = O 

The syllogism is jnvalid. While the first condition for a 
valid antilogism is met, the second is not. There is a term 
common to the equations, but it does not occur once affirma- 
tively and once negatively. 

We should note that the antilogism method will not 
work with syllogisms with strengthened or weakened con- 
clusions. Such syllogisms, when tested by antilogism, regis- 
ter "invalid." 

IRREGULAR AND COMPOUND FORMS 
OF THE CATEGORICAL SYLLOGISM 

ENTHYMEMES 

An enthymeme is a categorical syllogism with one of its 
propositions unexpressed. Syllogistic reasoning in ordinary 
conversation most often takes this form. Enthymemes are 
said to be of the first order when the major premise is 
unexpressed : 

Diamonds are costly, for they are rare. 



76 A Handbook of Logic 

The implicit syllogism here is: 

What is rare is costly. 
Diamonds are rare. 



.". Diamonds are costly. 

In enthymemes of the second order, the minor premise 
is unexpressed: 

That yawl has running lights, because all 
sailing vessels are required to have them. 

The complete syllogism is: 

All sailing vessels are required to have running lights. 

That yawl is a sailing vessel. 

.*. That yawl is required to have running lights. 

Enthymemes of the first and second order show how in 
ordinary conversation we present our conclusions first and 
then support them with premises. This contrasts with the 
formal syllogism, which presents its premises first and its 
conclusion last. Another way of putting this is to say that 
the arrangement of propositions in the formal syllogism 
represents the order of proof, while the arrangement of 
propositions in the enthymeme represents the order of 
discovery. This holds, however, only for enthymemes of 
the first and second order. In third-order enthymemes, 
the conclusion is unexpressed, while both premises are 
stated. In the following news extract, there is an implicit 
third-order enthymeme: 

In the midst of an interchange on the President's request for 
power to control speculation on the commodity exchanges, a 
correspondent broke in. "Would these controls," he asked, 
"relate also to the cotton and wool exchanges?" The President 
looked at his interrogator. "Is cotton a commodity ? " he asked. 
"Is wool a commodity?" "They are generally so considered, 
sir," replied the correspondent. "All right, then, that answers 
the question," the President retorted. 

SORITES 

A sorites is a compound syllogism consisting of a chain 
of incompletely expressed syllogisms. It may be one of 
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several related forms, of which the following is the most 
obvious : 

All A's are B's. All Concord farmers are New Eng- 

landers. 

All B's are C's. All New Englanders are Yankees. 

All C's are D's. All Yankees are patriots. 

All D's are E's. All patriots will fight for their country. 

.". All A's are E's. ' All Concord farmers will fight for 
their country. 

A sorites of this type can be carried on to any length pro- 
vided its arrangement is consecutive, so that each term 
except the first and last (here, A and E) occurs twice, once 
as subject and once as predicate. 

More interesting sorites (more difficult too) are set forth 
by C. L. Dodgson (Lewis Carroll) in his Symbolic Logic 
(16). Here the author of Alice in Wonderland offers sets 
of propositions for premises and asks the reader to draw 
the conclusion. For example, find the conclusion of: 

1. Babies are illogical; 

2. Nobody is despised who can manage a crocodile; 

3. Illogical persons are despised. 

Treating each term as a class (using circle diagrams as an 
aid), we may draw the conclusion "Babies cannot manage 
crocodiles." Here is another set of premises the conclusion 
for which we are asked to find: 

1. No interesting poems are unpopular among people of 
real taste; 

2. No modern poetry is free from affectation; 

3. All your poems are on the subject of soap bubbles; 

4. No affected poetry is popular among people of real 
taste; 

5. No ancient poem is on the subject of soap bubbles. 

The conclusion drawn is "All your poems are uninterest- 
ing." Further examples of Lewis Carroll's sorites may be 
found in the exercises at the end of this chapter. 

The validity of sorites that are compound categorical 
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syllogisms may be tested by a corresponding compound 
antilogism. Suppose we have the following sorites: 

All archbishops are benevolent. 

All who are benevolent are charitable. 

Nobody who is charitable is a disagreeable man. 

.'. No disagreeable men are archbishops. 

If the sorites is valid, the compound antilogism must meet 
three conditions: 

1. One of its propositions must be particular, the other 
universal (one inequation, the others equations). 

2. Each term that occurs in two universal propositions is 
affirmative in one and negative in the other. 

3. Each term that occurs in the particular or inequation 
will have the same value (affirmative, negative) as it 
has in the universals. 

Now, the antilogism for the sorites above, in symbolic 
form, is: 

ab = O 
be = O 
cd = O 



The above conditions for the compound antilogism having 
been fulfilled, the sorites is valid. 

A sorites may also occur in implicative or "if . . . then 
. . ." form (the symbol 3 stands for "if . . . then 
. . . ," the dot for "and"): 



(If f y then q; and if q y then r; and if r, then s; and if 
s, then /; therefore, if />, then /.) Here is an implicative 
sorites (though not one in strict form) from the precepts 
of the ancient Chinese philosopher Confucius, who is urg- 
ing the "Rectification of the Names" : 

If names be not correct, language is not in accordance with 
the truth of things. 
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If language is not in accordance with the truth of things, 
affairs cannot be carried on to success. 

If affairs cannot be carried on to success, proprieties and 
music will not flourish. 

If proprieties and music do not flourish, punishments will 
not be properly awarded. 

If punishments are not properly awarded, the people do not 
know how to move hand or foot. 

Therefore, a superior man considers it necessary that the 
names he uses may be spoken appropriately. 2 

An implicative sorites is present in the following passage 
from Shakespeare's As You Like It. Says Touchstone: 

Why, if thou never wast at court, thou never sawest good 
manners. If thou never sawest good manners, then thy manner 
must be wicked, and wickedness is sin, and sin is damnation. 
Thou art in a parlous state, shepherd. 3 

CONDITIONAL SYLLOGISMS 

HYPOTHETICAL OR IMPLICATIVE SYLLOGISMS 

The hypothetical or implicative syllogism is one in 
which the major premise is a compound proposition of the 
implicative ("if . . . then . . .") type: 

If the patient has fever, he is infected. 
The patient has fever. 

.*. He is infected. 

In such syllogisms, the "if" clause is called the antecedent, 
and the "then" clause is called the consequent. There are 
only two valid moods of the implicative syllogism. In the 
first, modus ponens, the antecedent is affirmed. In the 
second, modus tollens> the consequent is denied. The af- 
firming or denying is done in the minor premise. 

I. Modus fonens: 

If his name's Jim Hagerty, he's an Irishman. 
His name is Jim Hagerty. 

.'. He is an Irishman. 

2 Analects XIII, 3. Such sorites are common in later Confucian litera- 
ture. According to Sinologist Arthur Waley, the links in chain arguments 
of this kind were intended as rhetorical rather than logical. 

3 As You Like //, Act III, Scene ii. 
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2. Modus tollens: 

If there is a light in the tower, the British are coming. 
The British are not coming. 

.*. There is not a light in the tower. 

The moods, rules, and fallacies of the implicative syllogism 
may be summarily presented thus: 

Moods: (i) Modus fonens (in which the antecedent is 

affirmed). 

(2) Modus tollens (in which the consequent is de- 
nied). 
Rules: (i) Either the antecedent must be affirmed. 

(2) Or the consequent must be denied. 
Fallacies: (i) Affirming the consequent. 
(2) Denying the antecedent. 

Here is an example of affirming the consequent: 

If wages are high, prices rise. 
Prices are rising. 

. . Wages are high. 

And here is an instance of the fallacy of denying the ante- 
cedent: 

If Bill Nietman is a Princeton graduate, he cuts his own 

hair. 
Bill Nietman is not a Princeton graduate. 

. . He does not cut his own hair. 

We should note that hypothetical ("if . . . then . . .") 
syllogisms can easily be recast in the form of their cate- 
gorical equivalents. If we do this, we see that the categori- 
cal equivalent of a syllogism which affirms the consequent 
commits the fallacy of the undistributed middle, and that 
the categorical equivalent of a syllogism denying the ante- 
cedent commits the fallacy of illicit process of the major. 
An illustration of the first case would be: 

If a salesman attempts to sell overshoes to water buffaloes 

he gets small thanks for his pains. 
This salesman gets small thanks for his pains. 

.". This salesman attempts to sell overshoes to water 
buffaloes. 
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All salesmen who attempt to sell overshoes to water 

buffaloes get small thanks for their pains. 
This salesman gets small thanks for his pains. _ 

.'. This salesman attempts to sell overshoes to water 
buffaloes. 

If we let "f y stand for the antecedent, "q" for the con- 
sequent, "D" for "if . . . then . . . ," and "-" for 
"not," we may easily show the structure of all four types 
of implicative syllogisms in symbolic notation: 

A. Modus ponens B. Modus tollens 

p D q p 3 q 

p _ q 

q valid p valid 

C. Affirming the consequent D. Denying the antecedent 
pD q p 3 q 

q_ _ Z# _ 

p invalid q invalid 

There is a sense of "if" stricter than that illustrated 
above. This is "if and only if," and a proposition in which 
it appears is known as a biconditional. When the major 
premise of an implicative syllogism is a biconditional prop- 
osition, all four forms illustrated in the previous paragraph 
are valid. Using the symbol = for "if and only if," the 
schemas for these valid forms are: 

A. = B. p = q 



q 

C. p=q D. 

q 



P -q 

Thus there is no fallacy in the following: 

If (and only if) you are rich, will I marry you. 
I'll marry you. _ _ _ 
.'. You are rich. 



82 A Handbook of Logic 

If (and only if) a wart hog wants perfume, he uses 

L'Exstase. 
This wart hog does not want perfume. 

.'.He is not using L'Exstase. 

ALTERNATIVE AND DISJUNCTIVE SYLLOGISMS 

Alternative and disjunctive syllogisms have for their 
major premises alternative and disjunctive propositions re- 
spectively. Both these compound propositions are of the 
"either ... or ..." type. The difference between them 
is this: (i) Alternative propositions signify "either . . . 
or ... and possibly both." (2) Disjunctive propositions 
signify "either ... or ... and not both" In ordinary 
discourse most of our "either . . . or's . . ." are disjunc- 
tive j that is, they have "not both" tacitly tacked on, as 
in the case of "Today is either Monday or Tuesday." But 
occasionally we use "either ... or ..." in the broad or 
inclusive sense in conversation. To forget this produces the 
fallacy in the third example below. We shall assume that 
"either ... or ..." means "either ... or ... and 
possibly both" unless the proposition in question is explic- 
itly disjunctive. The symbol for alternation is "V." Here 
are four types of alternative syllogisms: 

1. Either I shall speak to his sister p V q 

or I shall visit his home. p 

I shall not speak to His sister. q valid 

.".I shall visit his home. 

2. Either mother is laughing or p V q 

she's crying. q 

She's not crying. p valid 

.*. She's laughing. 

3. Either Betsy will help or Leilani p V q 

will help. p 

Betsy will help. q invalid 

.*. Leilani will not help. 
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4. Either the conductor checks 

tickets here or he checks f V q 

them after Jamaica. q 

He checks tickets after Jamaica. f invalid 

.'. He doesn't check them here. 

The disjunctive syllogism has a disjunctive proposition for 
its major premise. Such a proposition states that either one 
or the other of two alternatives (or "disjuncts") is true, 
but not both: 

Either a man's married or he's a bachelor (and not both). 
This man is married. 

". He is not a bachelor. 

The four alternative syllogisms listed above may be 
turned into disjunctive syllogisms simply by adding the 
phrase "and not both" to the major premise. Symbolically, 
each major premise would then be set down as: 

[t v?] [-(r ?)] 

(Either p or q is true, and it is not the case that p and q 
both are trtie.) 

or more simply, using the symbol for disjunction, 

t A 9 

With such a major premise, all four schemas above will 
be valid. 

THE DILEMMA 

The dilemma, a classic device of oratory, is an argu- 
ment in which the speaker presents his opponent with two 
alternatives, forcing him to choose between them, so that 
whichever alternative he chooses, the result will be dis- 
advantageous to him. For example: 

If you allow Catiline to remain alive, you will live in con- 
stant danger; and if you put him to death, you will violate 
the law. 

But either you allow Catiline to remain alive or you put him 
to death. 
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Therefore, either you will live in constant danger or you 
will violate the law. 

The logical structure of a dilemma is interesting. The 
major premise is a conjunction of implicative ("if . . . 
then . . .") propositions, and the minor an alternation 
either of the antecedents of the two implicative proposi- 
tions or of the negations (contradictories) of their conse- 
quents. The dilemma is said to be constructive when the 
minor affirms one or other of the antecedents; it is said 
to be destructive when it denies one or other of the 
consequents. 

Constructive Destructive 

(f D q ) ( r D s) (f D q) ' (r D s) 

p V r q V s 

.". q V s .'. f V r 

The dilemma against Catiline is an example of the first 
form. An illustration of the second would be: 

If I am to make Mother happy, I must marry Bill ; and if I 
am to make Tom happy, I must marry him. 

Either I won't marry Bill or I won't marry Tom. 

Therefore, I am going to make either Mother or Tom 
unhappy. 

Dilemmas may be rebutted in more than one way. For 
example, suppose we urge the following argument: 

If the defendant was in the victim's apartment, he had 
opportunity to kill him; and if the defendant was in the vic- 
tim's office, he had opportunity to kill him. 

Either the defendant was in the victim's apartment or in his 
office. 

Therefore, he had opportunity to kill him. 

Our opponent may try to show that in our minor premise 
we have not exhausted all the alternatives. "The defendant 
could have been in Mario's Bar and Grill," he may say, 
and if he is successful in proving it, showing that in the 
grill there was no opportunity to kill the victim, our oppo- 
nent "escapes between the horns" of the dilemma. The 
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following dilemma cannot be rebutted by "escaping be- 
tween the horns," for the alternatives presented in the 
minor are exhaustive. There is a story that the Roman 
emperor Trajan posted edicts to the effect that his soldiers 
should not seek out Christians j but if the latter forced 
themselves upon the notice of the soldiers, they should be 
arrested and punished. Now, Tertullian offered the fol- 
lowing argument against this: 

If the Christians are guilty of crime, they should he sought 
out; and if they are innocent of crime, they should not he 
punished at all. 

But either they are guilty or innocent of crime. 

Therefore, either they should he sought out (which the edict 
forbids) or they should not he punished under any circum- 
stance (this is also contrary to the edict). 

A well-known way to dodge the horns of a dilemma is 
to substitute the contradictory for each consequent in the 
major premise, and draw a different conclusion, by chang- 
ing their places. Suppose we have: 



V r 



.'. q V s 

We may retort: 

(t 3 -0 ' 
Vr 



s V q 

The best-known example of such a retort occurs in the 
story of the Athenian mother and her son who wanted 
to go into politics. The mother did her best to dissuade 
her son, saying, "If you go into politics and are just, men 
will hate you 5 and if you are unjust, the gods will hate 
you. You must either act justly or unjustly. So in either 
case you will be hated." To which the son replied, "Mother 
by your own argument, I should go into politics. For, if 
I am just, the gods will love me; and if I am unjust, men 
will love me. So in either case I will be loved." The son's 
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retort, of course, does not disprove his mother's argu- 
ment, for the two conclusions could be true at the same 
time. As C. A. Mace remarks, such a retort seems to be 
merely a formal device for looking on the bright side of 
things. 

RELATIONAL ARGUMENTS 

TRANSITIVE AND INTRANSITIVE RELATIONS 

We realize that propositions which show a relation of 
class inclusion or exclusion between the classes signified 
by the subject and predicate terms form but a part of the 
large stock of propositional types. Consider the statement 
form: 

x is greater than y 

Here the two terms, x and y, are connected in a relation- 
ship obviously different from that of class inclusion or ex- 
clusion. But quasi-syllogistic arguments can easily be con- 
structed which use propositional forms. For example: 

x is greater than y. 
y is greater than z. 

" x is greater than z. 

If Victoria is greater than George, and George is greater 
than Edward, then Victoria is greater than Edward. Sym- 
bolically: 

V R G 
G R E 



.'. V R E 

But is the following argument valid? 

Cezanne is a friend of Zola. 

Zola is a friend of Huysmans. 

.'. Cezanne is a friend of Huysmans. 

No, this argument is not valid, because the relation "a 
friend of" is nontransitive. For such an argument to be 



The Syllogism (II) 87 

valid, the relationship between the two terms must be 
transitive, as in this case: 

Adam is an ancestor of Abraham. 
Abraham is an ancestor of Joseph. 

.*. Adam is an ancestor of Joseph. 

The relation "is an ancestor of" is, of course, transitive. 
Similarly, we may argue validly that since Rome is warmer 
than Paris, and Paris is warmer than Moscow, therefore 
Rome is warmer than Moscow. But we may not argue that 
since Isaac begat Jacob and Jacob begat Joseph, therefore 
Isaac begat Joseph. The relation "begat" is intransitive. 

In examining such relational arguments drawn from 
ordinary language, we cannot tell by purely formal means 
whether the relations concerned are transitive or intransi- 
tive. Familiarity with ordinary linguistic usage is necessary 
if we are to label "is greater than" transitive and "is a 
child of" intransitive. But once it is determined that R is a 
transitive relation, we may conclude that a has the rela- 
tion R to c if a has the relation R to b, and b has the 
relation R to c. for it is thus that transitivity is defined, 

The copula of the classical two-term class-inclusion 
proposition has been regarded by some as an example of a 
transitive relation. It is this relation which makes possible 
the classical syllogism. In the propositions: 

Sea cucumbers are holuthurians. 
Holuthurians are echinoderms. 

the copula "are" is interpreted as "are members of the 
class of," and thus we are able to draw the conclusion: 

Sea cucumbers are echinoderms. 

A distinction may also be drawn between symmetrical 
and asymmetrical relations. A symmetrical relation is re- 
ciprocal j it is a relation such that if a has the relation R to 
b y then b has the relation R to a. The relation "is a 
roommate of" is symmetrical , so is "is the spouse of," and 
"is the coreligionist of." An asymmetrical relation is not 
reciprocal. Knowing that a has the relation R to b y I can- 
not infer from this that b has the relation R to a. "Is 
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smoother than" is certainly asymmetrical, as are the rela- 
tions "is colder than" and "is the wife of." 



BIBLIOGRAPHICAL NOTE 

Excellent treatments of syllogistic logic, including the 
classical analysis of propositions, are found in many texts. An 
old favorite is Jevons's Elementary Lessons in Logic (26). 
More modern and advanced treatments are offered in Keynes, 
Formal Logic (2$); Mace, The Principles of Logic (55); 
Eaton, General Logic (/p); Cohen and Nagel, An Introduc- 
tion to Logic and Scientific Method (ji). 

The samples of Lewis Carroll's sorites in the text and 
chapter exercises are taken from his Symbolic Logic (16). 
Despite the title of his book, Carroll's work in logic is mainly 
concerned with syllogistic reasoning; either he did not know 
or was not interested in the revolutionary work of his con- 
temporary, George Boole. However, the author of Alice in 
Wonderland devised many ingenious logical diagrams and 
illustrations, and invented a logical game played with colored 
counters (The Game of Logic 



QUESTIONS AND EXERCISES 

I. Reduce the following to valid syllogisms of the first 
figure. 

1. All marsupials are Existentialists. 

Some philosophers are not Existentialists. 
.*. Some philosophers are not marsupials. 

2. All Provencal poets are Cathars. 
No little friars are Cathars. 

.*. No little friars are Provencal poets. 

3. Some analytic propositions are true by definition. 
All analytic propositions are tautologies. 

.". Some tautologies are true by definition. 

4. All dolls have mortal souls. 
All dolls are sound sleepers. 

. . Some sound sleepers have mortal souls. 

5. Some professors are not pedants. 

All professors are scholars. 

.". Some scholars are not pedants. 
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6. All bushmen are animists. 
No animists are monotheists. 

.*. No monotheists are bushmen. 

7. All bassoon players develop neuroses. 

All who develop neuroses would benefit by psycho- 
analysis. 

.*. Some who would benefit by psychoanalysis are 
bassoon players. 

8. Serbian girls have lovely eyes. 

Some Serbian girls are married to bandits. 

.'. Some who are married to bandits have lovely eyes. 

9. Tapirs tremble when you frown at them. 

All who tremble when you frown at them should 

be called "Caspar Milquetoast." 
.". Some who should be called "Caspar Milquetoast" 

are tapirs. 

10. No graduates must dine in Hall. 

All first-year men must dine in Hall. 
.*. No first-year men are graduates. 

2. Construct syllogisms as follows, and give both the direct 
and indirect reduction of as many as you think needful. 

1. AGO, 2 4. IAI, 3 

2. OAO, 3 5. AEE, 4 

3. EIO, 2 6. AAI, 4 

3. Test the following syllogisms by antilogism. (Put all 
propositions into Venn null forms.) In cases where the 
syllogism tests invalid by antilogism, note which condition 
of the antilogism is not fulfilled. 

1. No penguins leave home. 
Some Smith girls leave home. 

.*. Some Smith girls are not penguins. 

2. Some earthworms are flexible. 

No earthworms believe in the honor system. 
.*. Some who believe in the honor system are not 
flexible. 

3. Students of Trinity College are not admitted here. 
Students of Trinity College are members of the 

University of Dublin. 

.". Some members of the University of Dublin are 
not admitted here. 
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4. No boatswains' wives are successful women. 

All boatswains' wives read one difficult book a week. 
.". Some who read one difficult book a week are not 
successful women. 

5. All stones in The Child's Magic Horn are sad. 

All tales I cry at are stories in The Child's Magic 

Horn. 
.'. All tales I cry at are sad. 

6. Some of my closest friends are aardvarks. 
All of my closest friends disapprove of me. 
. . All who disapprove of me are aardvarks. 

7. All stenographers use Arpege. 
Well-bred Boston girls use Magie. 

.*. Some who use Magie are not stenographers. 

8. All white inhabitants of Katanga are Belgian na- 

tionals. 

These missionaries are Belgian nationals. 
.'. These missionaries are white inhabitants of 

Katanga. 

9. All Beethoven's later quartets are hard to play. 
Some things hard to play are not suitable for ama- 
teurs. 

.'. Some things suitable for amateurs are not Bee- 
thoven's later quartets. 

10. No art work of the season made a sensation like 
Tinguely's "Homage a New- York." 

At least one art work of the season was a self- 
destroying object. 

.'At least one self -destroy ing object did not make a 
sensation like Tinguely's "Homage a New- 
York." 

4. Test the validity of the syllogistic forms in Chapter 4, 
Exercise 6 by antilogism. 

5. The eight Beatitudes in the Sermon on the Mount are 
enthymemes. Look them up in the New Testament, and 
construct equivalent categorical syllogisms for each. 

6. Following are sets of statements proposed as premises for 
sorites by Lewis Carroll in his Symbolic Logic. In each 
case find the conclusion (circle diagrams will help), and 
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test the sorites for validity by the method suggested on 
p. 78. Forms of propositions may be altered to conven- 
tional equivalents, e.g., "No officers ever decline to 
waltz" may be construed as "All officers waltz." 

1 . No ducks waltz. 

No officers ever decline to waltz. 
All of my poultry are ducks. 

2. My saucepans are the only things I have that are 

made of tin. 

I find all your presents very useful. 
None of my saucepans are of the slightest use. 

3. There are no pencils of mine in this box. 
No sugarplums of mine are cigars. 

The whole of my property that is not in this box 
consists of cigars. 

4. Everyone who is sane can do Logic. 
No lunatics are fit to serve on a jury. 
None of your sons can do Logic. 

5. No one takes in the Times unless he is well-educated. 
No hedgehogs can read. 

Those who cannot read are not well-educated. 

6. Things sold in the street are of no great value. 
Nothing but rubbish can be had for a song. 
Eggs of the Great Auk are very valuable. 

7. All ducks in this village that are branded "B" belong 

to Mrs. Bond. 
Ducks in this village never wear lace collars unless 

they are branded. 
Mrs. Bond has no gray ducks in this village. 

8. Nobody who really appreciates Beethoven fails to 

keep silence while the Moonlight Sonata is being 

played. 

Guinea pigs are hopelessly ignorant of music. 
No one who is hopelessly ignorant of music ever 

keeps silence while the Moonlight Sonata is being 

played. 

9. The only articles of food that my doctor allows me 

are such as are not very rich. 

Nothing that agrees with me is unsuitable for supper. 
Wedding cake is always very rich. 
My doctor allows me all articles of food that are 

suitable for supper. 
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10. Promise-breakers are untrustworthy. 
Wine-drinkers are very communicative. 
A man who keeps his promises is honest. 
No teetotalers are pawnbrokers. 
One can always trust a very communicative person. 

7. Construct two hypothetical (if . . . then . . . ) syl- 
logisms, using your own subject matter, such that one 
commits the fallacy of affirming the consequent and the 
other commits the fallacy of denying the antecedent. 
Now construct equivalent categorical syllogisms and show 
what violation of the traditional rules occurs in each case. 

8. Put the following arguments into symbolic notation and 
test for validity. 

1. "That madman' Has he had a picture accepted by 
the Academy? No' Now you admit, do you not, that 
if a painter's pictures are accepted by the Academy, 
he is at least a competent artist ? Good. The implica- 
tion is obvious. This man Seurat is quite the reverse 
of a competent artist." 

2. "If your daughter Ainslie looks like Grace Kelly, 
she is beautiful. But you say she does not look like 
Grace Kelly? Alas, then your daughter Ainslie is 
not beautiful." 

3. "The dormouse has not buried the worm, for if he 
had buried it the worm would be dead, and the worm 
is not dead." 

4. "If and only if the priest is wearing red vestments, 
the Mass is for a martyr. Now, we know that this 
Mass is for a martyr. Therefore we know that the 
priest is wearing red vestments." 

5. "Of course, this man is married, for if a man is 
married, he has a wife, and this man has a wife." 

6. "That orangutan is not irritated. How do I know? 
Listen, my friend, if an orangutan is irritated, it 
growls, and this orangutan is not growling" 

7. "Either you are keeping a pterodactyl in the bathtub 
or you are meeting secretly with a cipher clerk from 
the embassy. It is impossible that you can be doing 
both. Now, we have found out that you have been 
meeting secretly with a cipher clerk from the 
embassy. It is evident, therefore, that you are not 
keeping a pterodactyl in the bathtub." 
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8. "Either she loved me or she was deceiving me. I 
have confirmed the fact that she loved me. So I know 
she was not deceiving me." 

9. "It can't be that the train has passed. If the train 
has passed, the green flag is up, and the green flag is 
not up." 

10. "Either it's raining or it's not raining. It's not rain- 
ing. Therefore, it's raining." 

I. It was once proposed to James Joyce that the publication 
of his Ulysses would be facilitated if he would consent to 
the expurgation of certain parts. The Irish novelist re- 
plied, "To consent would be an admission that the 
expurgated parts are dispensable. The whole point about 
them is that they cannot be omitted. Either they are put 
in gratuitously without reference to my general purpose; 
or they are an integral part of my book. If they are mere 
interpolations, my book is inartistic; and if they are 
strictly in their place, they cannot be left out." 4 

Put this argument in the form of a dilemma, using 
symbols as on p. 84. Is the argument formally valid? 

>. Once a crocodile stole a baby from a mother who was 
washing clothes along the banks of the Ganges. In 
answer to her pleas, the crocodile promised to return the 
baby if the mother would give the right answer to this 
question: Is the crocodile going to restore the baby? The 
mother said, "The answer is no. Now you must keep 
your promise; if the answer is wrong, that must mean 
you are going to give back the baby anyway. If it is right, 
you must keep your promise. In either case, you must give 
me back the baby." 

But the crocodile answered, "If no is the right answer, 
what makes it right is that I am not going to give back 
the baby; if it is the wrong answer, then my promise does 
not hold. In either case, I am not going to restore the 
baby." 

How would a wise and just judge decide the dispute? 
A New York professor, testifying before an investigating 
committee of the United States Senate in 1952, invoked 
the privilege against self-incrimination under the Fifth 

Cited in Richard Ellmann, James Joyce, New York, Oxford Uni- 
ity Press, 1959, pp. 665-666. 
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Amendment of the Constitution of the United States, 
and was summarily discharged from his position as pro- 
fessor at Brooklyn College. In its decision on the case, 
dated April 9, 1956, the United States Supreme Court 
summarized the argument of the New York City Board 
of Education against the professor as follows: 

"Here the board in support of its position contends that 
only two possible inferences flow from appellant's claim 
of self-incrimination: (i) that the answering of the 
question ('Were you a memher of the Communist Party 
during 1940 and 1941?') would tend to prove him 
guilty of a crime in some way connected with his official 
conduct; or (2) that in order to avoid answering the 
question he falsely invoked the privilege by stating that 
the answer would tend to incriminate him, and thus com- 
mitted perjury. Either inference, it [the Board] insists, 
is sufficient to justify the termination of his employment." 

Put the argument of the Board of Education in the 
form of a dilemma. Are the alternatives exhausted in the 
minor premise? If not, what third alternative could serve 
to rebut the argument? 

12. I am informed that Napa is north of San Francisco, and 
that San Francisco is west of Oakland. I conclude that 
therefore Napa is northwest of Oakland. But when I 
examine a map of California to check this, I see that 
Napa is actually northeast of Oakland. Was my rela- 
tional syllogism invalid ? If not, where lies the error ? 



6. Truth functions 



From our work on various types of conditional syllo- 
gisms, we have seen how easily the forms of compound 
propositions can be represented in modern symbolic nota- 
tion. We must now look more closely at these prepositional 
forms in order to analyze them in a way unfamiliar to 
classical logicians. These compound forms belong to a type 
of expression logicians call truth junctions. A truth func- 
tion is an expression whose truth value (truth or falsity) is 
completely determined by the truth values of its compo- 
nent propositions. For example, the truth of the compound 
proposition: 

The earth is flat and the end of the world is at hand. 

is a function of (i.e., depends on the truth of) its compo- 
nent simple propositions (i) "The earth is flat," (2) "The 
end of the world is at hand." That is, the truth value of 
the propositional form: 

p and q 

depends on the individual truth values of f and q taken 
separately. 

In dealing with truth functions, we may distinguish be- 
tween constants and variables. In the expression: 

either p or q 

the "/>" and the "q" are variables for simple propositions 
(see above, Chapter i, p. 4). Because they are variables 
or "blank spaces," we may replace f or "q" with any 

95 
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propositions we please. Thus "either p or y" could stand 
for: 

Either you are insolent or you are ignorant. 
or 

Either Titian painted this picture or the experts have heen 
mistaken. 

The logical form is not affected by the change in subject 
matter. The "either ... or ..." remains unchanged in 
both the above examples, and thus it is called a constant. 
In sum, variables are elements for which substitutions may 
be made; constants are elements whose meaning does not 
change no matter what propositions are substituted for 
the variables. 

Let us look first at five common statement connectives, 
that is, constants by means of which we may combine 
simple propositions to form truth-functional compounds: 

1. Negation not 

2. Conjunction ' and 

3. Alternation V or 

4. Implication 3 if ... then 

5. Biconditional = if and only if 

We have met all these constants in previous chapters; 
we shall now proceed to define them more precisely. 

I . NEGATION p 

We may read this "not p" or "it is not the case that p." 
For the p in p we may substitute any declarative sen- 
tence, and then read p in either of these ways: 

It is not the case that Graham Greene is an American. 
Graham Greene is not an American. 

Logically speaking, negation is absolutely basic. Logical 
systems for truth functions can be constructed successfully 
even if we dispense with certain common connectives such 
as implication and alternation, but we cannot get along 
without negation. The truth value of the negation of a 
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true statement is "false"; the truth value of the negation 
of a false statement is "true." The negation of p is />; 
the negation of p is (/>), or -- p. 

In most logical systems, classical or modern, only two 
truth values, "true" and "false," are used. Hence these 
systems are often called "two-valued logics." It is possible 
to construct many-valued logics in which truth values are 
more complex than the simple binary "true-false" of the 
conventional systems. In recent years, interesting work has 
been done on multivalued logics, but this field is still 
difficult. 

Let us construct a little truth table for negation which 
will show us the truth values of p when -p is true and 
when -p is false: 



T F 

F T 

2. CONJUNCTION f ' q 

We may read this "both f and y" or simply "/> and y." 
Since f> and q are* variables, we know that we may as usual 
substitute simple statements for them: 

Dragons crooned in the forest and ghosts whistled in the 
wind. 

Logical conjunction is taken in a sense rather broader 
than "and" in ordinary conversation. In common discourse, 
the two statements joined by the "and" are often causally 
connected, as in : 

Pat's father is a rancher and she lives in Montana. 

But for logical purposes, when we assert /> * q we simply 
assert f and q jointly. A perfectly satisfactory conjunc- 
tion is: 

Beethoven wrote the Archduke Trio and four people 
tripped over that milk bottle. 

Indeed, the logical sense of all these connectives "not," 
"and," "or," "if," and "if and only if" tends to vary 



98 A Handbook of Logic 

from their sense in ordinary language. Hence we define 
the uses of the symbols , , V, 3, and ss by the truth 
tables given for them. The defined uses of these symbols 
are in some cases distant, in some cases close to the cor- 
responding expressions in ordinary usage. We shall, how- 
ever, continue to read them in ordinary English in the way 
we have been doing. 

Now let us make a truth table for our conjunctive func- 
tion p - q. When p is true and q is true, then "p and q" is 
true. But when p is false and q is true, then "p and q" 
cannot be true. The same situation holds when p is true and 
q is false. In the fourth case, too, when p is false and q is 
false, then "p and q" must also be false. In tabular form: 



t 


1 


P'9 


T 
F 
T 

F 


T 

T 
F 
F 


T 
F 
F 
F 



This truth table may be written in more compact form. 
Simply write down the expression as a whole (in this case 
p ' q)j then write out the truth values of p and q, taken 
separately, under those letters j and finally write down the 
truth values for p - q under the dot which stands for 
"and." This column then becomes the main column of the 
truth table: 



T T T 

F F T 

T F F 

F F F 

We should notice that the denial of a conjunction is not 
quite the same thing as a denial of each conjunct, (p'q) 
does not mean the same as p - q. In the first, or 
weaker, expression, the scope of the negation includes the 
entire expression within the parentheses. In the second, or 
stronger, expression, each variable is negated separately. 
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It is clear that to say, "It is not true that I was both drink- 
ing and driving," is not to say, "I was not drinking and I 
was not driving. 



3. ALTERNATION f V 

This may be read "either /> or y." 



Either that's a ptarmigan or I've been grossly misled. 

We have already seen that in logic, alternation is taken 
in a broad or inclusive sense. This usage was illustrated 
in the case of the major premise of an alternative syl- 
logism (see Chapter 5, p. 82). In stating an alternation, 
we simply assert that at least one of the alternants is true 
and possibly both. In ordinary conversation the more com- 
mon intention of "/> or y" is "/> or q and not both." We 
use this exclusive sense of "either ... or ..." when 
we say, "Either today is Monday or it's Tuesday." We 
have observed, however, that this disjunction is not sym- 
bolized by /> V q but by one of these two forms: 

p V q -(r q) 
or, simply: 



Both are read "Either p or q y and not both /> and q" But 
we have seen too that even in ordinary discourse we some- 
times use the broad or inclusive sense of "either ... or 
. . . ." Given that "Either the cat ran away or he's been 
hurt," it does not follow from the truth of the statement 
"The cat ran away" that therefore the statement "The cat 
is hurt" is false. With this in mind, the truth table for 
f V q will be easy to construct. 

Compact Form 

f q P V q 1 V q 

T T T T T T 

F T T F T T 

TFT T T F 

F F F F F F 
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The truth table for disjunction or exclusive alternation will 
be different: 

Compact Form 
j> A q p A q 



T T 

F T 

T F 

F F 



F TFT 

T F T T 

T T T F 

F F F F 



The logical difference between alternation and disjunc- 
tion may also be seen in forms known as Boolean expan- 
sions}" Under what conditions will p V q be true? Under 
these three: 

1. When /> is true and q is false. 

2. When both f and q are true. 

3. When j> is false and q is true. 

Therefore p V q is equivalent to the following: 
(t ' -?) V (p ' ?) V (-p ' q) 

But the Boolean expansion of p A q consists of an alterna- 
tion of only two conjunctions: 

(P * q) V (-p - q} 

4. IMPLICATION p D q 

This may be read "p implies q" or "if p, then q" For 
the variables, we may substitute any values: 

If you love me, then I shall be eternally happy. 

If arsenic is heated, it sublimes. 

If a wombat is tickled, it will laugh. 

In formal logic we take implication in a broad or inclusive 
sense which is a little like the inclusive senses of conjunc- 
tion and alternation, but rather more puzzling because it 

1 After George Boole, whose book, An Investigation of the Laws of 
Thought (<?), is generally regarded as the immediate starting point of 
modern symbolic logic. 



Truth Functions 101 

rarely occurs in ordinary conversation. In conventional dis- 
course, we normally use an implication of this sort. 

If West Germany is invaded, there will be war. 

Here we intend that the antecedent /> and the consequent 
q have some kind of causal connection with each other. 
However, even in ordinary conversation there are occa- 
sions when we seem to assert a noncausal relationship of 
implication between an antecedent and a consequent. In 
John Gay's The Beggar's Opera, Lucy Lockit is questioned 
by her father about her lover who has escaped from New- 
gate Prison. She says, "If I know anything of him, I wish I 
may be burnt." Lucy seems to be trying to convey the im- 
pression that the proposition "I know anything of him" is 
just as false as the proposition "I wish I may be burnt," 
and no causal connection exists between them. Yet she 
uses the phrase "if . . . then. . . ." Other examples of 
this usage are: 

If the Soviet Union weakens, then shrimps will whistle. 

If she's 22, then Pm a monkey's uncle. 

Wai, I'll be-* horned toad eflfen it ain't Alkali Pete. 2 

Implication in this broad or inclusive sense is called 
material implication. This is a somewhat misleading name, 
for it suggests connection with matters of fact in contrast 
to formal relations. This is not the case, for material impli- 
cation is a purely formal relationship between p and q y a 
relationship so weak that we may say that any true prop- 
osition materially implies any other true proposition; any 
false proposition materially implies any proposition; and 
any true proposition is materially implied by any proposi- 
tion. A statement of material implication is false only when 
its antecedent is true and its consequent false. "/> 3 q" 
means that it is not the case that p is true and q is false. 

2 Some logicians deny that such examples from ordinary language 
as "If he passed his exam, Pm a Dutchman (Pll eat my hat, etc.)" are 
instances of material implication. They are, says P. F. Strawson, "sim- 
ply quirks, verbal flourishes, odd uses of 'if.' If hypothetical statements 
were material implications, the statements would not be a quirkish 
oddity, but a linguistic sobriety and a simple truth." (Introduction to 
Logical Theory 
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We are now ready to put down the truth table for p 
in conventional short form: 



T T T 

F T T 

T F F 

F T F 

5. BICONDITIONAL OR MATERIAL 
EQUIVALENCE p = q 

We read this "p if and only if >." 

I shall be eternally happy if and only if you love me. 

The biconditional connective = stands for a relation which 
logicians call material equivalence. Two propositions are 
said to be materially equivalent if p implies q and q im- 
plies p. That is, "p and q are materially equivalent" means 
the same as "if and only if p is true, then q is true." A 
statement of material equivalence is true only under the 
following conditions: when p is true, q is true (and con- 
versely )j and when p is false, q is false (and conversely). 
Our example is true under the following conditions. When 
"I shall be eternally happy" is true, "You love me" is 
true (and conversely); and when "I shall be eternally 
happy" is false, "You love me" is false (and conversely). 
In sum, when p and q have the same truth value, they are 
materially equivalent. The truth table for the biconditional 
connective is as follows: 



T T T 

F F T 

T F F 

F T F 

INTERDEPENDENCE OF TRUTH 
FUNCTIONS 

It is not necessary to define all truth functions by truth 
table. We can define some by truth table, others in terms 
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of those already defined. Here we shall see how conjunc- 
tion, alternation, and implication may be defined in terms 
of one another plus negation. 

A. IMPLICATION 

1. Implication can be defined in terms of conjunction 
and negation. This we have seen above in our explanation 
of material implication : 

"/> D q" means the same as "(p ' q)" 

2. Implication may also be defined in terms of alterna- 
tion and negation: 

"p D g" means " p V q" 
That is, "if /> then y" means "either not f or y." 

"If she's engaged, she's lovely" means 

"Either she's not engaged or she's lovely." 

"If Kurtz is beheaded, he's dead" means 

"Either Kurtz is not beheaded or he's dead," etc. 

* 

B. ALTERNATION 

1. Alternation may be defined in terms of negatior 
and conjunction: 

"p V q" means " ( p ' ?)" 

The expression "p V q? as we know, means "either /> 01 
y." That is, it cannot be the case that both are false. Hence 
"either /> or y" may be said to mean "it is not the case thai 
not-/> and not-y." 

"Either Yeats wrote The Windhover or Hopkins did' 
means 

"It is not the case that neither Yeats wrote The Wind- 
hover nor Hopkins wrote The Windhover" 

2. Alternation may also be defined in terms of implica 
tion and negation : 

"^ V q" means "# 3 q" 



IO4 A Handbook of Logic 

If at least one of the alternants must be true, then if one 
of them is false, the other is true: 

"Either somebody talked or she suspects something" means 
"If somebody didn't talk, then she suspects something." 

C. CONJUNCTION 

1. Conjunction may be defined in terms of negation 
and alternation: 

"p q" means "~(~p V -<?)" 

That is, "/> and y" may be defined as "it is not the case that 
either not-/> or not-y." 

"Heaven is my home and my postal address is Kalamazoo, 
Michigan" means 

"It is not the case that either Heaven is not my home 
or my postal address is not Kalamazoo, Michigan." 

2. Conjunction may also be defined in terms of nega- 
tion and implication: 

"p ' q" means "(p 3 -qf 

"The baby has been pinched and it will cry" means 
"It is not the case that if the baby has been pinched, 
it will not cry." 

Here is a summary of interdefinitions above: 

1. "pD q" means "(p ' q*)" 

2. "p 3 q" means " p V 7" 

3. "/> V 9 " means " ( # ' ?)" 

4. "p V q" means "p D ?" 

5. "p ' q" means "~(~p V y)" 

6. "p y" means " (p 3 y)" 

CHECKING INTERDEFINITIONS 
BY TRUTH TABLE 

We may check the soundness of a definition by con- 
structing truth tables for both of its parts and comparing 
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the truth values. This method of checking is often called 
the matrix method. For example, suppose we check the 
definition above: 

"# D g" means " f V q" 

First let us look at the right-hand expression, " p V q" 
What are the elements in this expression? Starting from 
the simplest components and proceeding to the more com- 
plex, we note first of all that we have f and q. Then there 
is the negation of />, or p. Finally, there is the expression 
as a whole, f V q. Now let us fix on the simplest ele- 
ments, and write out all possible combinations of the truth 
values of f and q thus: 

P 9 

T T 

F T 

T F 

F F 

Let us write out the possible combinations of the truth 
values when f is introduced. This is easy, for the values 
of p will be exactly the opposite of those for p. 

P q p 



T T F 

F T T 

T F F 

F F T 

Consider now the total expression f V q. Will it hold 
when f is true, q true, and f false? Yes, for the truth of 
q satisfies the requirements of the expression "either not-p 
or q." Take the second row. Will p\/q hold when f 
is true, p is false, and q is true? Yes, for the falsity of p 
satisfies the requirements of "either not-/> or y." But in the 
third row, p V g cannot hold when p is false, p is 
true, and q is false; in order to satisfy p V q we must 
have either p false or q true, and the third row of our truth 
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table offers us neither of these cases. The fourth row, how- 
ever, gives us truth values consistent with that of f V q y 
for in this row j> is true. Let us write out the table for 
this part of our definition, first in expanded form: 



T T F 

F T T 

T F F 

F F T 



T 
T 
F 
T 



Now let us arrange the table in the more compact and con- 
ventional way. This we do by writing the expression 
f V q y then placing the truth values of f and q in col- 
umns immediately under those letter symbols. Then we 
place the truth values for p under the negation sign. 
Finally, we write down the values for the entire expres- 
sion under the alternation sign, which in this case heads 
the main column in our truth table for p V q: 

- P V q 

F T T T 

T F T T 

F T F F 

T F T F 

Finally, let us recall the truth table for our left-hand 
expression, p 3 q. We remember from p. 102 that this 
table in compact form reads: 



T T T 

F T T 

T F F 

F T F 

Now we are ready to compare our findings. We discover 
that the truth values in the main column for the expression 
-p V q are exactly the same as those in the main column 
for p D q. This confirms our definition: 

"1 D q" means "-# V q" 
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TESTING TAUTOLOGIES BY TRUTH TABLE 

At this point we must introduce the idea of a tautology. 
In ordinary usage the word "tautology" is often employed 
to refer to any expression containing needless repetition of 
something. To "ascend up" and "to erase out" are some- 
times called tautologies, although such expressions might 
better be called redundancies or pleonasms. Expressions in 
ordinary language which follow the form "A is A" are 
closer to the logical sense of tautology. But statements such 
as "A rose is a rose" and "Pigs is pigs" may not be tauto- 
logical, even though they seem of the form "A is A." For 
in such statements there is usually an unexpressed shift of 
emphasis which makes the predicate term mean more than 
the subject. Thus, when a man says "Boys will be boys," 
he probably intends something like the following: 

x is a hoy and it is to be expected that x will exhibit the 
characteristic properties of boys, such as trying to put 
frogs do\wi little girls' necks. 

But in formal logic, tautology has a strict but simple mean- 
ing, and it is to this we must attend. A tautology is an ex- 
pression which is always true; it is necessarily true, true 
no matter what. More technically, it is a function the truth 
value of which as read from a truth table is always "true." 
An example of a tautology is: 

pV -p 

This is comparable to the "law of the excluded middle," 
one of the classical laws of logic. We may read it "either p 
or not-/)." It is evident that this formula will be "true no 
matter what"; for if p is true the expression as a whole is 
true, and if p is false the entire expression is again true. 
Another law of classical logic is the principle of noncon- 
tradiction: 
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This too is a tautology, for it holds whether p be true or 
false. The contradictory of a tautology is an expression 
which is self -contradictory, as: 



Such expressions are necessarily false, for their truth 
values as read from a truth table will always be "false." 
Here are the truth tables for the tautologies referred to 
above , we note that the main columns in each case con- 
tain only TV. 

P V p ~ (P ' p) 

T T F T T F F 

F T T T F F T 

Suppose we are asked to determine whether or not the 
expression "q D (p V q)" is a tautology. How do we go 
about it? First we construct truth tables for q and for 
p V q, respectively: 

9 D (P V q) 



T T T T 

T F T T 

F T T F 

F F F F 

Now, compare the truth values for q, the antecedent, with 
those of the main column of p V q y the consequent. They 
are: 

T T 

T T 

F T 

F F 

Finally, let us ask: Is there any row of the table in which 
the antecedent is true and the consequent false? No, there 
is not. But we know that a statement of the form p 3 q is 
true in every case except that in which the antecedent is 
true and the consequent false (see p. 102, for the truth 
table for p^> q)* Hence our given expression q D (p V q) 
is true for every assignment of truth values to p and q; 
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there is no assignment of truth values under which q is 
true and p V q is false. 

(P V y) 



T 


T 


T 


T 


T 


T 


T 


F 


T 


T 


F 


T 


T 


T 


F 


F 


T 


F 


F 


F 



The main column in the truth table for the entire expres- 
sions contains nothing but T's. We conclude that the given 
formula is a tautology. 

On the other hand, the expression "(p V p) 3 q" is not 
a tautology, as a glance at its truth table will show: 

(t v t) D V 

T T T T T 

F F F T T 

T T T F F 

F F F T F 

There is one row (the third) of the table in which the 
antecedent (p V^) is true and the consequent q is false. 
Thus a "false" appears in this row of the main column of 
the formula. But we know that the main column of a 
tautology's truth table contains only T's. Hence the given 
formula cannot be a tautology. 

Is the formula (p D q) = ( p V q} a tautology? Let 
us construct and then examine its truth table: 

i> D (7 = i> M q 



TTTTF TTT 
FTTTTFTT 
TFFTFTFF 
FTFTTFTF 

A glance at the truth table for material equivalence (see 
p. 102) tells us that the truth values of the main columns 
of both the right- and the left-hand expressions satisfy the 
conditions for a true equivalence j for two expressions are 
materially equivalent when they have the same truth 
value. This being the case, we write a T in each row under 
the sign of equivalence, . This becomes the main column 
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of the entire formula. Since the main column of the for- 
mula's truth table contains nothing but T's, the formula 
is shown to be a tautology. 

EQUIVALENCES: THE DE MORGAN LAWS 
We have seen that the expression: 

(# 3 ?) = (-# V ?) 

is a tautology. This means that not only is p 3 q materially 
equivalent to p V q but also that they are logically equiv- 
alent. What is the distinction between material and logical 
equivalence? The statement "<p = q" may be read "/> is 
materially equivalent to q" This statement is sometimes 
true and sometimes false: it is true whenever p and q are 
replaced by statements with the same truth value (for ex- 
ample, "London is in England" and "Paris is in France") j 
it is false whenever p and q are replaced by statements 
with different truth values (for example, "London is in 
England" and* "Paris is in England"). Now, since the 
statement "p is materially equivalent to y" is only some- 
times true and not always true, p and q are not logically 
equivalent. In other words, two statements P and Q are 
logically equivalent only when P^Q is a tautology (that 
is, when "P is materially equivalent to Q" is always true.) 
Hence, having proved that: 

(P? q} = (-* V q) 

is a tautology, we know that p D q and p V q are logi- 
cally equivalent. 

There is a law of logic called the "law of double nega- 
tion": 



The reader can quickly verify for himself that this law is a 
tautology by constructing its simple truth table. Since (i) 
the law states that p and -- p are materially equivalent, 
and (2) its truth table shows the law to be a tautology, it 
follows that p and -- p are logically equivalent, or, as 
we should now say, equivalent. 
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Let us test another statement of material equivalence to 
see whether or not it is a tautology: 

f g ^-(-p V -q) 

We begin with the right-hand expression," (p V ?)." 
Its elements are first p and q y then the negations of these, 
then the expression within the parentheses, " p V q? 
and finally the total expression, "(/> V ?)." We 
write out the possible combinations of truth values for p 
and q y adding to these the combinations for p and q, 
taking care to write the T's and F's in such order that all 
possible truth-value combinations for these elements will 
be covered. 3 



T T F F 

F T T F 

T F F T 

F F T T 

Next let us look at the expression within the parentheses, 
" p V y." Given the values in the matrix so far, in 
which of the fouf rows above will p V q be true and 
in which false? The answer is that only in the first row will 
p V q be false. For this expression to be true, at least 
one of the alternants, p, q, must be false. But the table's first 
row says that p and q are true, and that p and q are 
false. Thus the truth values of the first row are inconsistent 
with p V q. Hence this expression's truth value in the 
first row is F. Here, then, is the truth table for p V q, 
the main column appearing under the alternation sign: 

- P V ~ q 

F T F F T 

T F T F T 

F T T T F 

T F T T F 

Now take the right-hand expression, "--(/> V y)," as 
a whole. We still have the negation outside the parenthe- 

3 The values for p being written TFTF and for q TTFF, the values 
for p and q are simply negatives of those for p and q. 
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ses to deal with. But this is an easy matter, for its truth 
table will be exactly the contradictory of that of the expres- 
sion inside the parentheses, " /> V q" Thus we add 
another column to our truth table under the outside nega- 
tion sign, and this becomes the main column for the 
expression "(^ V ~g)": 

P V ~ ?) 



T F T F F T 

F T F T F T 

F F T T T F 

F T F T T F 



At this point we turn back to the left-hand expression in the 
original statement, "/>-y = ( f>V ? ). We know that 
the truth table for /> q is: 



T T T 

F F T 

T F F 

F F F 

Now let us compare the truth values in the main column 
for ( f V q) with those for the main column for 
-p ' q. They are exactly the same. 

P'9 ~(~pV ~q} 

T T 

F F 

F F 

F F 

Hence the original statement of material equivalence 
"?'? = (~ ? v ~ ?)" is a tautology. How do we know? 
Consider the first row of the tables compared just above, 
with the truth table of material equivalence (see above, 
p. 102) in mind. If /ry is true and ( ^>V q) is true, 
is the statement that they are materially equivalent true or 
false? True. Is the statement of their material equivalence 
true or false when both are false? True. But this gives us 
all "trues" in the main column (that under =) of the 
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truth table of the statement as a whole j in its final form 
the table looks like this: 

P ' g - (~ t V ~ g) 
TTTTTFTFFT 
FFTTF TFTFT 
TFFTF F TTTF 
FFFTF TFTTF 

Since the given statement of the material equivalence is a 
tautology, j> - q and (p V q) are equivalent. The 
reader will be relieved to learn that tautologies like the 
above, as well as more complicated ones, can be checked 
on a logic machine (truth-function evaluator) in a matter 
of seconds. (See Appendix, p. 238.) 

Equivalent expressions may be obtained by transforming 
the contradictories of certain compound expressions accord- 
ing to laws known as the De Morgan laws, named for 
Augustus De Morgan (1806-1871), the English logician 
and mathematician. Here are two De Morgan laws: 

1. The negation of a conjunction is equivalent to the 
alternation of th negated elements. (That is, conjunctive 
functions, when negated, yield alternative functions.) 

2. The negation of an alternation is equivalent to the 
conjunction of the negated elements. (That is, alternative 
expressions, when negated, yield conjunctive expressions.) 

2. ( p V q) =^ (p ' g) 

3. (p V q} = ( p q) 

The reader may verify for himself that the De Morgan 
formulae are equivalences. 

TESTING EXPRESSIONS WITH THREE VARIABLES 

Truth tables for testing expressions containing three 
variables are made by extending the tables to eight rows so 
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as to include all possible combinations of the truth values 
of the variables. Suppose we are asked to test the follow- 
ing expression to see whether or not it is a tautology: 



The table is easily constructed. 



[f V 



T 


T 


T 


T 


T 


T 


T 


T 


T 


T 


F 


T 


T 


T 


T 


T 


T 


F 


T 


T 


T 


F 


T 


T 


T 


T 


T 


T 


T 


T 


F 


F 


T 


F 


F 


T 


T 


F 


T 


T 


T 


T 


F 


T 


T 


T 


T 


T 


T 


T 


F 


T 


F 


T 


F 


F 


T 


F 


T 


T 


T 


F 


F 


T 


T 


T 


T 


T 


T 


F 


F 


F 


F 


F 


F 


F 


T 


F 


F 


F 



The main column of the truth table under the impli- 
cation sign contains all T's. Hence the formula is a 
tautology. 

Now, suppose we construct a truth table to test the fol- 
lowing formula: 



T 


T 


T 


T 


F 


T F 


F 


T 


T 


F 


T 


F F 


F 


T 


T 


F 


T 


F F 


F 


T 


T 


F 


T 


F F 


T 


T 


F 


T 


F 


T T 


F 


F 


F 


F 


T 


T T 


F 


F 


F 


F 


T 


T T 


F 


F 


F 


F 


T 


T T 



The main column of the truth table (under the three-bar 
sign) contains at least one F. Hence the expression is not a 
tautology. 



TESTING ARGUMENTS BY TRUTH TABLES 

The validity of many arguments constructed from truth- 
function connectives can be tested by truth tables. An 
argument is a set of statements containing one or more 
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premises and a conclusion. In a valid argument, the 
premises logically imyly the conclusion. We have already 
met material implication ("D"). Now, the difference be- 
tween logical and material implication is parallel to the 
difference between logical and material equivalence. The 
statement "/> 3 q" may be read "/> materially implies q" 
This statement is sometimes true and sometimes false: it 
is false only when p is true, and q is false ; it is true for all 
other assignments of truth values to p and q. Now, although 
the statement ";> materially implies q" is sometimes true, 
we say that since it is not always true, p does not logically 
imply q. That is, a statement P logically implies another 
statement Q only if the statement "P materially implies 
Q" is always true (that is, only if P D Q is a tautology). 
If P logically implies Q y we can infer, deduce, conclude Q 
from P; if P logically implies Q y an argument from P to Q 
is valid. 4 

It can now be seen how we may test the validity of an 
argument by truth tables. What are the specifications for 
the truth table of a valid argument? There is only one: 
there must be no row in which the truth values of the 
premises are all T and the conclusion F. Take a simple 
conjunctive argument of the form "p and q are true; there- 
fore q is true." 

P ' 9 

' 9 
Here is the truth table for the argument: 

P P ' 9 (premise) q (conclusion) 

T T T 

F F T 

T F F 

F F F 

To repeat: the specification for the truth table of a valid 
argument is that there must be no row in which the truth 
value of all the premises is T and that of the conclusion F. 

4 Capital P y s and Q's are used when we want to talk about statements. 
Small />'s and q y s are used when we want to make statements. This is dis- 
cussed later on pp. 168169. 
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The truth table above fulfills this condition j hence the argu- 
ment is valid. 

Now, let us test the familiar implicative argument of 
modus fonens form : 

pD q 

P _ 



Here is the truth table: 

f (premise) /> 3 q (premise) q (conclusion) 

T T T 

F T T 

T F F 

F T F 

Under no assignment of truth values do the premises come 
out true and the conclusion false. Hence the argument is 
valid. 

Suppose we test the following argument: 



p D q (premise) p (premise) q (conclusion) 

T T^ F 

T T F 

F F T 

T T T 

We notice that in the second row the truth value of the 
premises is T and that of the conclusion F. Hence the argu- 
ment is invalid. It is, of course, the familiar fallacy of 
denying the antecedent. 

The validity of alternative arguments may be tested in 
the same way. Two such arguments are given below to- 
gether with their truth tables. The first is valid, the second 
invalid. 

i. pV q 
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p V q (premise) 

T 
T 
T 
F 



p (premise) 

IT 

T 
F 
T 
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q (conclusion) 

T~ 
T 

F 
F 



2. p 



q 

f V 5 



(premise) ^ (premise) q (conclusion) 



T 
T 
T 
F 



T 
F 
T 
F 



F 
F 
T 
T 



Now let us test the argument: 



-> q 

3 r 



.'. f D r 

Since this argument involves three variables, the truth table 
will have eight rows so that all possible combinations of 
truth values of f, g, and r will be covered. 

P q r 1> -^ q (premise) q 3 r (premise) f 3 r (conclusion) 



TTT 


T 


T 


T 


FTT 


T 


T 


T 


TFT 


F 


T 


T 


FFT 


T 


T 


T 


TTF 


T 


F 


F 


FTF 


T 


F 


T 


TFF 


F 


T 


F 


FFF 


T 


T 


T 



There is no case in which the truth value of the premises is 
T and that of the conclusion F. Hence the argument is 
valid. 

Now consider the following argument: "If you love me, 
you want to marry me. Either you want to marry me or I 
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have been mistaken in you. Therefore, either you love me 
or I have been mistaken in you." Expressing the argument 
in symbolic notation, we construct this truth table : 

p q r pD q (premise) qVr (premise) p V r (conclusion) 



TTT 


T 


T 


T 


F TT 


T 


T 


T 


TF T 


F 


T 


T 


F F T 


T 


T 


T 


TTF 


T 


T 


T 


F TF 


T 


T 


F 


TF F 


F 


F 


T 


F F F 


T 


F 


F 



In the sixth row of the table, the truth value of both prem- 
ises is T, but the conclusion is F. Therefore the argument 
is invalid. 



BIBLIOGRAPHICAL NOTE 

Truth functions are explained in Basson and O'Connor (4), 
the most compact introduction to symbolic logic available at 
present. Ambrose and Lazerowitz (/) have an excellent ac- 
count of truth functions. There are good directions for con- 
structing truth tables in Johnstone (27) and Cooley (72). 
The truth-table exercises in J. W. Miller's Logic Workbook 
(57) are helpful. 



QUESTIONS AND EXERCISES 

Rewrite, using symbols for the constants as well as the 
variables. 

1. Either p or not q. 

2. Both p and not q. 

3. Either not p or q. 

4. p if and only if not q. 

5. It is not the case that both p and not q. 

6. It is not the case that either not p or q. 

7. It is not the case that if not />, then q. 

8. It is not the case that not p and not q. 

9. Both not p and not q. 

10. Either p or q and not both p and q. 
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11. If q, then either p or q. 

1 2. If both p and q y then ^>. 

13. If either not p or not q y then not q or not ^>. 

14. Either p or not ^ or both not p and g. 

15. p or q or r. 

1 6. If />, then y and not r. 

17. If either p or q or not r, and if not p y then either </ 
or not r. 

I 8. /> implies q if and only if not q implies not r. 

19. If q implies r and r implies s, then q implies s. 

20. If q implies r y then p or q implies p or r. 
Express the following in logical symbolic notation: 

1. Feather-footed through the plashy swamp passes the 
questing vole. 

2. Personnel should be promoted if and only if they 
are fully qualified. 

3. If you don't talk to Marian, she won't talk to you. 

4. Either Puccini or Alfano wrote the final duet of 
Turandot, but not both. 

5. Either that bird is a loon or a great crested grebe, 
and if I'm mistaken, I'm not going on any more 
bird- walks. 

6. Unless enough neutrons are prevented from escaping 
from the surface of the mass, there will be no chain 
reaction, and without that there will be no explosion. 

7. If driving a car implies having a license, then driving 
a horse or a car implies driving a horse or having a 
license. 

8. Either the child is admitted to school immediately, or 
he is sent home and notified of his admission. 

9. It is not true that either a green light or a yellow 
light allows a motorist to proceed. 

10. If you love me, either you want to marry me or you 
are already married, and if the latter is true, you 
are either insane or a scoundrel. 

1 1 . Receiving a grade of either D or F implies that the 
student has neither done satisfactory work in this 
course nor qualified himself for the next advanced 
course. 

12. If you hurry a three-toed sloth or don't feed it 
enough, then either it will go into a cataleptic state 
or lie down and die. 



120 



A Handbook of Logic 



13. Taking the Fifth Amendment implies being guilty 
if and only if not being guilty implies not taking the 
Fifth Amendment. 

14. If either Alissa did not wear her amethyst pin or 
Jerome didn't leave, and Jerome did not leave, then 
Alissa did not wear her amethyst pin. 

15. If the mouse beacon is activated, the bomber is on 
course, and if the cat beacon is activated, the bombs 
will drop. Now, either the mouse beacon is activated 
or the bombs will drop. The bombs won't drop. 
Therefore, the cat beacon is not activated and the 
bomber is on course. 

Invent subject matter for the following expressions: 
I. -p- -q 

3. ( p q) 

4. ( p ' q) 

5- -[-#V (?Vr)] 

6. [p\/ (?Vr)j D (,V*) 

(p ' q) D (q ' p) 

-q] D -p 
(sDr)] D (,- r ) 
p] D q 



8. 

9- [(*=>?) 

10. TOD*) 

1 1. 

12. 



q) 

?) 

) D 



V q) 



H- 



4. Give Boolean expansions of the following expressions: 

1. p V q 6. p A q 

2. p V q 7. p A q 

3- P V q 8. p A q 

4. p V q 9. p V q V r 

5. p A q 10. p V q V r 

5. Fill in the following truth table. 

(p'q) p'q pVq /> V q 



T T 














F T 














T F 














F F 
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6. A. With examples of your own choosing to illustrate, 

briefly explain the distinction between each of the 
following uses of "if." 

1. if (logical implication) 

2. if (material implication) 

3. only if 5 

4. if and only if 

B. Which of the above (or another) includes the follow- 
ing use of "if"? Explain. 

IF YOU NEVER SEE ANOTHER MOTION PICTURE IN 
YOUR LIFE, YOU MUST SEE "LOVE AMONG THE 
AARDVARKS." 

7. A. Arrange the following into three series of equivalent 

expressions. 

1. p D q 6. q 3 p 

2. pV g 7- -(P D q} 
3- f ~9 8 - -0 ' ~~?) 

4 . -(-p v q) 9- -P^ q 

5- (-#' q) I0 - ~pv q 

B. Once there was a man who had a pet slow loris, and 
he said to a friend, "Contrary to rumor, it is not true 
that if my slow loris has a cold he turns blue." To 
this the friend said, "How interesting! That means 
that your slow loris has a cold and is not turning 
blue." "No," said the slow loris's owner. "What do 
you mean, W ? " rejoined his friend. "The two state- 
ments 'My slow loris has a cold and he is not turning 
blue* and 'It is not true that if my slow loris has a 
cold he turns blue' are logically equivalent, aren't 
they?" 

To this the owner of the slow loris quietly replied, 
"How can they be? I said only this: that it is not true 

5 It is often said that in ordinary discourse "only if />" is used to 
designate a necessary condition, while "if p" points to a sufficient con- 
dition. "If and only if />" points to a necessary and sufficient condition. 
Suppose you are taking tickets at a charity concert with specific instruc- 
tions to admit concert-goers only if they have tickets. If a drunk and 
disorderly person appears and presents the requisite ticket, would fidelity 
to your instructions be logically compatible with your excluding him? 
Of course the example here shows a connection closer than a truth- 
functional connection. Examples which are truth-functional can easily 
be constructed. Construct a truth table for "/> only if 9." 
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that if my slow loris has a cold, he turns blue. I didn't 
say that he has a cold." 

Can you settle this tiresome dispute? 

8. A. What is a tautology? Can a tautology give us any 

new factual information? 
B. Test the following for tautology by truth table. 

1. Helen has denied the statement that Brenda was 
dancing outside the Koala Klub at three in the 
morning and that she had her shoes off. If Helen's 
denial is justified, does it follow that "Either 
Brenda was not dancing outside the Koala Klub 
at three in the morning or she did not have her 
shoes off"? 

2. SHE: You love me and you don't want to marry 

me. Is that it? 
HE: No. 
SHE: Then either you don't love me or you want 

to marry me. Is she right? 

3. It was rumored that Rimsky-Korsakov did not 
compose Tsar Saltan and that Mussorgsky wrote 
it. The rumor was denied by a source we shall 
consider reliable. Does it follow then that "Either 
Rimsky-Korsakov composed Tsar Saltan or Mus- 
sorgsky did not write it"? 

9. Prove by truth tables that the De Morgan laws below are 
tautologies. 

1. -(/> V q) = (-<t> -q) 

2. -(p- ?) = (-/> V -q) 

3 . -(-fVq) = (f-q) 

4- -(/' ~l} = (-1> V?) 

5 . -(pV- q ) = (-p. q ) 

6 . _(_,. y) = (#V _ ?) 

7- -(py-9) = (fq) 
8. -(-p--q)^(pV q) 

10. Determine by truth tables which of the following for- 
mulae are tautologies. 

1. (p- 9 ) D p 

2. (? V #) => > 

3- (*V^) (#?) 

4- (t ? ?) (-# V q) 

5- (fri? OVy) 
6. V? 
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7- (#V ?)-(??) 

8. (^ A ?) = K? V ?) -(??)] 

9- [? (q Vr)] = [(??) V (?Vr)] 

10. [#V (?-r)]^[(/V ? ) (#Vr)] 

11. [-#V (?T)]^ [(*-?) V0>'-r)] 

12. (-? V r) 3 [(- # V 9) V (-# V r)l 
13- ?V( ? Vr) = [(>V?) ' ( P Vr)] 

14. (?D?) D [(rV?>) D (rVy)l 

15. [#V (yVr)] = [-y V Vr)] 

11. Prove that the opposite of a tautology is a contradiction 
(its truth value as read from a truth table is always 
false). Explain why this is so, and illustrate with a few 
of the formulae in Exercise 9 above. 

12. Test the following arguments for validity by truth table. 

I . p is true ; therefore j> or q is true. 

2. j> and <7 are true ; therefore p is true. 

3. Either p or q is true, and (7 is true; therefore p is 
false. 

4. Either p or q or r is true, and ^> and 7 are true ; there- 
fore r is true. 

5. p implies q y and q is true ; therefore p is true. 

6. /> implies ^. and q is false ; therefore p is true. 

7. Either p or q is true. If ^ then r. Therefore, if not 
q y then not r. 

8. If P) then ^. Either not q or r. Therefore either not 
p or r. 

9. If p or y, then r. r is false. Therefore both p and ^ 
are false. 

10. Either not p or q. If ^ then r. Therefore either not 



13. Test the following arguments for validity by truth table. 
(Numbers in parentheses designate premises.) 

1. (i) If you have the Torah, you have wisdom. Con- 
clusion: If you have not wisdom, you have not the 
Torah. 

2. (i) Either the beta particles are not penetrating the 
metal or the electron counter is off. (2) The beta 
particles are penetrating the metal. Conclusion: The 
electron counter is off. 

3. ( i ) Either the man's a Harvard graduate or he is not 
worth knowing. (2) He is worth knowing. Conclu- 
sion: He is not a Harvard graduate. 
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4. ( I ) If being a martyr implies a saint, then Margaret 
Clitheroe should be canonized. (2) It is not the case 
that one can be a martyr and not be a saint. Conclu- 
sion: Margaret Clitheroe should be canonized. 

5. (i) If you like De Kooning's pictures, you have 
admirable taste. (2) If you don't like abstract art, 
you don't have admirable taste. Conclusion: If you 
don't like De Kooning's pictures, you don't like 
abstract art. 

6. ( i ) Either that dugong is sick or it is nervous. (2) If 
it is not nervous, it will make a good pet for the 
children. Conclusion: Either it's not nervous or it 
will make a good pet for the children. 

7. ( I ) Either that Jaguar does not belong to Francoise 
or she borrowed it from Alain. (2) If she borrowed 
it from Alain, she will get into trouble. (3) Either 
she did not borrow it from Alain or she won't get 
into trouble. Conclusion: That Jaguar belongs to 
Francoise. 

8. (i) If the title is secure and a bank loan is with- 
held, we cannot go ahead with construction. (2) We 
are going ahead with construction. (3) The title is 
secure. Conclusion: The bank loan is not withheld. 

9. (i) If Swann loves Odette, he is willing to endure 
the Verdurins. (2) Either Swann is jealous or he 
loves Odette. (3) If Swann is willing to endure the 
Verdurins, he is jealous. (4) Either Swann is not 
willing to endure the Verdurins or he loves Odette. 
Conclusion: Swann loves Odette. 

10. (i) If your mother comes, I leave. (2) If the chil- 
dren don't keep quiet, I leave. (3) If I leave, your 
mother does not come. (4) If the children keep 
quiet, then either I leave or your mother comes. 
(5) Either the children are not keeping quiet or I'm 
not leaving. Conclusion: If the children keep quiet, 
then I'm not leaving. 

14. Stroke-Function Exercise. The logician H. M. Sheffer 
has shown that we can reduce all logical constants to one, 
the stroke- function. This function is defined: 



means at least one, />, q> is false. 
Thus f/f is equivalent to p V p. Setting forth nega- 
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don, conjunction, alternation, and implication, in terms 
of the stroke-function, we have 

Neg. p may be written p/p. If at least one of these, 
py p> is false, it is obvious that p is false. 

Conj. p q may be written (p/q)/(p/<?)' Since p/p is 
equivalent to p/ p y at least one, p, p> is 
false. That is to say, both p and q are true. 

Alt. p V q may be written (P/p)/($/q)> Since p/p 
is equivalent to p y (p/p)/(q/q) may be read 
p/ g- That is, at least one, p y q y is false, 
or, either p or q is true. 

Imp. p D q may be written p/(q/q}> Since q/q means 
q y we may read p/(q/q} as "at least one is 
false, p f q." But this means that either p is false 
or q is true ( p V q). As we know ( p V q) 
is one way of defining p 3 q. 

Write the following in stroke notation. 

1. p V q 6. p 3 q 

2. -p V q 7. (p V p) D ? 

3 . f V -f 8. ? D 0> V ?) 

4. ? ' -? * 9. (p V y ) D (? V #) 

5. f q 10. ( # ' q) D ? 

15. The statement "If all men are rational, then Belgians 
are rational" is logically true, though it cannot be proved 
so by the truth-table method. The argument "All men are 
rational; therefore Belgians are rational" is logically 
valid, though it cannot be proved so by the truth-table 
method. Can you explain why ? Can you suggest what 
sort of logical devices over and above those we have met 
in this chapter would be required to prove the statement 
logically true and the argument logically valid? 



7 How deductive 
systems are constructed 



THE AXIOMATIC METHOD 

The ancient Greeks invented a method which has always 
been regarded as the firmest basis for systems of formal 
concepts. This method, familiar to anyone who has studied 
geometry, consists in taking a set of general statements 
(called axioms or postulates) as true, and drawing from 
these ("deducing") a series of further statements called 
theorems. Showing that these theorems do follow from the 
axioms or from previously established theorems is called 
"demonstration" or "proof." 

Until quite modern times it was thought that the axio- 
matic method was limited to geometry. But in our time 
the whole of mathematics has been subjected to this 
method. For example, the Italian mathematician G. Peano 
(1858-1932) showed how the whole of arithmetic can be 
organized as a deductive system. In this system, all the 
statements of arithmetic derive from only five simple pos- 
tulates, plus certain rules and definitions. Of course arith- 
metic is not usually presented to school children in strictly 
axiomatic fashion, for that would require proving such 
statements as 2 + 2 = 4 a $ theorems. To do this, the 
teacher would have to show that the truth of this arith- 
metical statement follows deductively from a whole battery 
of prior theorems, these in turn deriving from a set of 
unproved postulates. This would be rather difficult for 
young boys and girls to follow. 

With the appearance of Princi'pia Mathematica by White- 
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head and Russell (50) in 1910, the borders of formal 
science were widened in a remarkable way. Mathematics 
was claimed to be but an extension of logic. The authors 
of the Princifia pointed out that mathematics presupposes 
the ideas of logic. Since then, to our own day, great num- 
bers of logical systems have been constructed in axiomatic 
form. The development of this technique of logical con- 
struction has greatly extended our knowledge of formal 
conceptual schemes, and has thrown remarkable light on 
the foundations of mathematics. 

ELEMENTS OF A DEDUCTIVE SYSTEM 

A formal deductive system may be said to consist of the 
following elements: 

1. A set of primitive symbols undefined within the system. 

2. A set of rules which define what it is for an expression to be 
a "well-formed formula" of the system. These are called 
formation rules; they are syntax rules or rules of logical 
grammar. 

3. A set of axioms or postulates none of which are proved 
within the systeng. 

4. A set of transformation rules. It is these rules which 
enable us to denvc theorems from the axioms. 

5. A set of theorems. 

The nature of these elements will be illustrated below in 
:onnection with two deductive systems. 

Deductive systems may be compared to young peoples' 
instruction sets of the Erector or Meccano variety. These 
instruction sets come boxed with all the basic material 
netal strips, wheels, nuts and bolts, and so forth. Included 
n the set is an instruction booklet which tells how to make 
various models out of the material provided. The first 
nodel illustrated is usually some very simple thing like a 
rate, made from two or three pieces. More complex models 
ollow, until finally directions are given to make elaborate 
ranes, windmills, and bridges. These complex models 
nclude principles of construction contained in the simpler 
levices. Now, the basic material of the set wheels, strips, 
olts, etc. correspond to the basic notions and unproved 
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axioms of the system. Just as there are directions which tell 
the proper ways to put the construction pieces together, so 
axiomatic systems contain rules by means of which postu- 
lates may be transformed into theorems. The completed 
bridges, towers, cranes, and trucks correspond to the proved 
theorems of the deductive system. The formation rules 
would, so to speak, be built into the pieces themselves you 
cannot put a wheel on a nut; they won't go together. 

We shall now look at simplified and informally pre- 
sented versions of two well-known types of deductive sys- 
tems developed in modern formal logic: the calculus of 
propositions and the calculus of classes. The propositional 
calculus might be considered as a broad extension of ideas 
we first met with in connection with the conditional syl- 
logism j the class calculus, on the other hand, is more 
closely related to the categorical syllogism. 

THE CALCULUS OF PROPOSITIONS 

The calculus of propositions or propositional calculus is 
a deductive system which can be constructed from truth- 
functional connectives of the kind we examined in the pre- 
ceding chapter. In our exposition of this calculus, it is first 
necessary to say something about the symbols used in the 
system, its rules, and its postulates. 

I. PRIMITIVE SYMBOLS 

These include the propositional variables p y q, r y etc. 
With these we are familiar. These also include the follow- 
ing two connectives: 

Negation 

Alternation V 

These are undefined within the system. The only steps we 
can take with them are steps which are explicitly permitted 
by the rules and axioms. The connective for implication 
( 3 ) is not a primitive symbol. It is introduced by a 
definition: 

Definition I. "P 3 )" means " P V jQ" 
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Other definitions will be introduced as needed. Definitions 
will tell us that the left-hand expression is identical in 
meaning with the expression on the right, and may replace 
it whenever it occurs. 

2. RULES OF FORMATION 

Formation rules are necessary in a deductive system so 
that the statements used in the system will be meaning- 
ful and not nonsensical. The expressions p\J q and 
( p V q} are "well-formed," as we say, but the ex- 
pressions V r D and V p = are not. In the present sys- 
tem, each variable (p, q, etc.) is a "well-formed formula" 
(WFF), and the syntactical rules permit us to combine the 
symbols to form other WFF's. If any expression, say, p, is 
a WFF, then p is a WFF. If any expressions, say, p and 
q, are WFF's, then p V q is a WFF. 

The scope of a connective is indicated symbolically by 
whatever method of punctuation we choose to employ. We 
shall use parentheses and square brackets. Note that in the 
expression (/> V y) the scope of the negation extends to 
the entire expression inside the parentheses. 

3. POSTULATES 

Ideally, the postulates (axioms) of any deductive system 
should meet three conditions. First, they should be con- 
sistent. The postulates should not contradict one another, 
nor should contradictory theorems be deducible from them. 
Second, postulates of any deductive system should be com- 
plete. Just as a baseball umpire's rulebook should provide 
him with a basis for every decision he makes, so from the 
postulates of a deductive system we should be able to 
deduce every logically true statement which can be made 
in terms of the elements of the system. Third, postulates 
should be independent of one another. That is, we should 
not be able to deduce one from the other j for this means 
that we have more postulates than we need. But this third 
requirement is generally considered the least important. It 
is sometimes awkward to construct a deductive system in 
terms of the absolute minimum number of postulates. In 



130 A Handbook of Logic 

their exposition of the truth-function calculus in the Prin- 
cipia, Whitehead and Russell used five postulates; later it 
turned out that one was provable from the others, so that 
only four were strictly necessary. 

The sample theorems of our system are based on these 
four postulates set forth by Whitehead and Russell : 

1. (p V p) 3 p The Principle of Tautology (Taut.) 

If either p or p, then p. 

If either kangaroos are good-tempered or kangaroos are 
good-tempered, then kangaroos are good-tempered. 

2. q D (p V q) The Principle of Addition (Add.) 

If <7, then p or q. 

If martinis are cocktails, then either chipmunks eat worms 
or martinis are cocktails. 

3 . (?V?)D ( ? V?) 

The Principle of Permutation (Perm.) 

If either p or q, then either q or p. 

If either today is Wednesday or today is Thursday, then 
either today is Thursday or today is Wednesday. 

4. ( ? Dr) 3 [(#V 9 ) D (#Vr)] 

The Principle of Summation (Sum.) 

If q implies r y then p or q implies p or r. 
If being a man implies being rational, then being either a 
dodo or a man implies being either a dodo or rational. 

We should note that the "3" sign which appears in the 
postulates was introduced into the system by definition, and 
is not a primitive. The postulates are written in this form 
(using the "3" sign) for ease of understanding j they could 
all, however, be rewritten without the implication sign. For 
example, (p V p) 3 p could be rewritten (p V p) V p. 

4. TRANSFORMATION RULES 

Transformation rules for the deduction of theorems 
include (A) the substitution rule and (B) the rule of infer- 
ence (or detachment). 
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formed. For example, suppose we substituted q for p 
in the principle of Tautology this way: 

(-q V -q) D f 

This would not be correct, for the substitution has been 
carried out only partially. The result is not a tautology, as 
a truth-table test would quickly show. We should have 
substituted q for every occurrence of />, thus: 

(~q V -q} D -q 

Definitional Substitution. For any expression, any other 
expression definitionally identical with it may be substituted in 
any postulate or proved theorem. 

For example, take the expression: 

(>r>y)=> [O^?) V (rooi 

By Definition i, we may make the following substitution: 

p V q/p D q 
to obtain: 

(-pVg) 3 L(-#v?) v (rD ,)] 

Unlike substitution on variables, definitional substitution 
need not be carried out completely. The substitution above 
could have been carried out in the following way: 

(- P V q) => [(f=> ? ) V (rD,)] 

B. The Rule of Inference (Inf.). This rule, sometimes 
called the rule of detachment, authorizes an operation fa- 
miliar to us as the principle of the implicative syllogism, 
modus f>onens: 



That is, if p is true, and p implies q y then we may validly 
infer the truth of q. Or, in the present system, if P is a 
postulate or proved theorem, and P 3 Q is a postulate or 
proved theorem, then we may infer Q. 
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5. THEOREMS 1 
I. q D (f D q) 

Dem. 

1. q D (p V q) Add. 

2. f D (~pV q) I- -*/# 

3. qD (pD q} 2. Def. I 

Our theorem states "If y, then /> implies y," thus asserting 
one of the so-called "paradoxes of material implication" a 
true proposition is implied by any proposition. The first 
step in our demonstration is to take the postulate Add.: 

q^ (P V q) 

and by the rule of substitution on variables substitute j> 
for f. This gives us: 

7 => (~f V g) 

Now, by Definition i ("P => Q" means "-P V Q"), we 
may simply replace f V q by its definitional equivalent 
/> 3 ^. This gives us our theorem: 



II. (# D -p) D -f 

Dem. 

1. (p V />) ^ /> Taut. 

2. (- V -f) D -# I. -p/p 

3. (/> D p) D /> 2. Def. I 

This theorem, the proof of the principle of reductio ad 
absurdum, shows that a proposition which implies its own 
falsity is false. 

Definition i tells us that in any expression which is an 
alternation of two well-formed formulas, the first preceded 
by a negation sign, the "V" may be replaced by a "3" if 
the initial negation sign is dropped. For example, r V s 
may be replaced by r D s. Again, (r V s) V (q V /) 
may be replaced by (r V s) 3 (q V /). Thus in theo- 

1 This is a sample set only. Further theorems for the elementary logic 
of propositions may be found in Whitehead and Russell (50), Vol. i, 
pp. 98 et seq. 
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rem II, in passing from step 2 to step 3, we have replaced 
the expression p V p by its equivalent p D p. 

III. (p D -?) D (7 D -#) 

Dem. 

1. (p V ?) 3 (q V />) Perm. 

2. (-# V - 7 ) 3 (-? V -p) I. - 
3- (P D -?) D (? D -?) 2 ' 

IV. (yDr) D [(#3^)3 (p^r)] 

Dem. 

1. ( y D r) D [(/> V <7) D (/> V r)] Sum. 

2. (?D r) D f(-# V?) 3 (-? Vr)] I. - 

3. (^Dr) D [(#3^)3 (#3r)] 2. Def. I 



V. p^> (pV p) 

Dem. 

1. y D (/> V y) Add. 

2. /> 3 (/> V />) i. p/q 

To demonstrate our next theorem we must use the rule 
of inference (Inf.), which permits us to conclude that Q 
is true if P implies Q, and P is true. 

VI. p D p 

Dem. 

1. (y Dr) D [(#3 ?)3 (*3r)] IV 

2. [(/> V?) D #]D [(#=> (# V#)) I. (pVp)/q,p/r 

D (#D^)] 

3. (p \/ p) ^ p Taut. 

4. OD (?V?)] ^ (#D#) 2, 3, Inf. 

5. ^ D (^ V rt V 

6. p^> p 4, 5> Inf - 

Theorem VI is related to the classical law of identity. ("If 
a proposition is true, it is true," or "Whatever is, is.") This 
law, together with the law of noncontradiction, (p p), 
and the law of the excluded middle, p V p, constitute 
the three "laws of thought" of classical logic. It is inter- 
esting to note that here a postulate of classical logic is 
proved as a theorem. (The "IV" and "V" in the first and 



How Deductive Systems Are Constructed 135 

fifth steps of the proof refer, of course, to the fourth and 
fifth theorems.) 

VII. p V p 

The reader may supply the proof. 

VIII. p V p 

Dem. 

1. (p V q) D (g V p) Perm. 

2. (-p V p) D (p V -p) l. -p/p,p/q 

3 . -p V p VII 

4. p\/ p 2, 3, Inf. 

This is the principle of the excluded middle, the second 
of the classical "laws of logic" we have proved as a theo- 
rem. 

IX. ^ D -- p 

The reader may supply the proof. 

The "connectives "" (conjunction) and "=" (equiva- 
lence) are introduced by the following definitions: 

Definition 2. "P 0" means "-(-P V -0)" 
Definition 3. "P = Q" means "(P D Q) ' (Q D ^)" 

The next theorem uses Definition 3. Although the two 
types of rules we have given above would be sufficient to 
construct the prepositional calculus, for the sake of sim- 
plicity in proving theorems, a third transformation rule will 
be introduced at this point. It is called the rule of conjunc- 
tion (Conj.) and is stated: The conjunction of any two 
true statements is also true. That is, if P and Q are postu- 
lates or proved theorems, then their conjunction P Q is 
a theorem. 



X. 



Dem. 

1. (p V p) 3 p Taut. 

2. p 3 (p V p) V 

3. [(pVp) ^ p] ' [p D (#V#)] 1,2, Conj. 

4. ( # v#) # 3>Def. 3 
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XL p V p 

Dem. 

1. (yD r) D [(p V ?) 3 (/> V r)] Sum. 

2 . (-^D ?p [(/> V -/>) D I. - 

(#V #)] 

3. /, D /. IX, -/>//> 

4. (p V -/>) ^ (/> V />) 2, 3, Inf. 

5. pV p VIII 

6. p V /> 4> 5> I nf - 

XII. p^p 

Dem. 

1. (P V -7) ^ (9 V f) Perm. 

2. (/> V />) => ( /> V />) I. 

3. /> V /> XI 

4. /> V /> 2, 3, Inf. 

5. ^ D /, 4. 



XIII. t = t 

Theorem XIII states the principle of double negation; 
the denial of p is equivalent to p. To prove, conjoin 
theorems IX and XII, and use Definition 3. 

XIV. (-p V -?) 3 -(/> ' g) 

The reader will recognize the relation of theorem XIV to 
one of the De Morgan laws, and can supply proof. 



XV. -(P'-P) 

Dem. 

1. pV-f VIII 

2. [-p V p] - 

3. (-^V-y) ^ ~(fq) XIV 

4 . [- ? v - - p] 3 -(p- -p) 3> - 

5. -(p'-p) 4, 2, Inf. 

Theorem XV is the "law of noncontradiction," the best 
known of the three classical laws of logic. 
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THE CALCULUS OF CLASSES 

What is a class? We seem to know this intuitively ; there 
is the class of cats, of Europeans, of pretty girls, and so on. 
But it is not easy to put down in words just what we mean 
by the term "class." Are classes things, parts of the "ulti- 
mate furniture of the world"? Or are they simply con- 
venient fictions, logical constructs only? Happily, it is not 
our task to discuss this difficult question. 

Classical logicians pointed out that every general name, 
such as "cat" or "chair," can be taken in two ways. First, 
there is the connotation or intension of the term that is, 
the sum of its attributes or properties, the answer to the 
question "What is it?" But there is also the denotation or 
extension of the term the individuals to which the term 
applies. Thus, the connotation of "chair" is "separate seat 
for one," while its denotation is this chair, that chair, every 
chair. 

Historically, the development of logic in the West may 
be traced in terms of this distinction. For logicians in the 
British-American tradition generally have concerned them- 
selves with the denotative side of names their extension. 
Continental philosophers, on the other hand, have tradi- 
tionally been more interested in the connotative aspect of 
names the intension of terms. Hence philosophers on the 
Continent have tended to develop the more metaphysical 
logic of concepts. While the logic of concepts resulted in 
remarkable systems of general philosophy like that of 
Hegel (whose conception of logic was metaphysical), con- 
centration on the extensional logic of classes was of much 
more direct value to the development of modern axiomatic 
systems of mathematics and logic. 

As we have seen, the categorical syllogism lends itself 
very easily to analysis in terms of class relationships. But it 
was not until George Boole published his An Investigation 
of the Laws of Thought in 1854 that it became possible to 
construct a general logic of classes which would include 
the syllogism but also go far beyond its boundaries. Boole 
perceived and acted on the possibility of developing a logic 
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of classes in a way analogous to algebra. That is, instead 
of taking the 0's, 's, and c's of ordinary algebra as quanti- 
ties, he took them as classes. Thus what came to be called 
"mathematical logic" came into being. Boole's work was 
further developed by a number of logicians and mathemati- 
cians, particularly the German E. Schroder and the Ameri- 
can C. S. Peirce. Boole's algebra is not limited to a calculus 
of classes, for a calculus of propositions can be constructed 
out of it. But historically the development of the propo- 
sitional calculus came a little later than Boole's algebra, 
rising from the work of G. Frege and G. Peano, whose 
investigations into the problem of the foundations of mathe- 
matics were published toward the end of the last century. 
The Principia Mathematica of Whitehead and Russell 
assimilated and extended both of these early lines of devel- 
opment of modern generalized logic. 

BASIC NOTIONS: CLASS SUMS AND PRODUCTS; o AND i 

Our description of the calculus of classes or "Boolean 
algebra" will be brief and informal. We shall take the idea 
of class as an undefined notion. The symbols a y b y c y and 
so forth are variables ranging over classes. Classes may be 
combined in two ways, somewhat analogous to arithmetical 
addition and multiplication, to yield class sums or class 
products. Class sums and class products are themselves 
classes. The class sum is symbolized: 

a + b 

If a stands for men and b for women, then a + b stands 
for the class that includes both men and women. The class 
product is noted: 



If a stands for voters and b for taxpayers, then a X I 
stands for the class containing the common members, the 
voters who are taxpayers. The difference between a clasi 
sum and a class product may vividly be illustrated by th( 
reader himself if he will in imagination summon to hii 
yard first the actual members of the product of the classe; 
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"cat" and "musician," dismiss them, and then summon 
members of the sum of these same classes. The first as- 
semblage will be rather small at best, but the second will 
overflow the reader's yard and hamper traffic in several 
adjoining communities. 

We must now introduce the notions of two extraordinary 
classes, the universal class, symbolized by the numeral i, 
and the null class , symbolized by o. The universal class is 
the class to which everything belongs j the null class is the 
class to which nothing belongs. It is uninhabited, having 
no members. We have already encountered the notion of 
the null class as well as that of a class product in our earlier 
analysis of propositions by means of Venn diagrams. In 
that context, the class product was syrrfbolized ab rather 
than a X b. Thus, in the null forms associated with the 
Venn diagrams the statement "No pelicans are clergymen" 
was represented: 

ab ~ o 
We shall here, however, use the longer form: 

a X b o * 

The class calculus also employs another notion familiar 
to us from our earlier work with the Venn diagrams j this 
is the notion of the negative of a class. The negative of the 
class "cat" is the class "noncat"; of "Baptist," "non-Bap- 
tist"; and so on. Everything that is not a cat is a member of 
the class "noncat"; everything that is not a Baptist is a 
member of the class "non-Baptist," etc. Thus the Venn 
diagram symbolism for the classical A proposition "All 
basset hounds are patriots" is: 

aX I O 

That is, the product or common members of the classes 
"basset hound" and "nonpatriot" is the null class the 
:lass of no members. Similarly, the O proposition "Some 
ostriches are not members of the PTA" is rendered in 
V^enn symbolism: 
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The product of the classes "ostrich" and "nonmember of 
the PTA" is not an uninhabited class j it has at least one 
member. 

The Venn diagram below illustrates these class notions: 




The rectangle, taken as a whole, stands for the universal 
class i . a and b are classes, and their common area a X b 
is the class product. In this case, since the area a X b is 
shaded, we know that the class product has no members. 
Areas a X b and b X a involve class negation: the first is 
available for habitation by #'s that are non-^'sj the second 
provides for 's that are nonVs. 

One other notion is needed in the class calculus; it is that 
of class identity. It is symbolized by the sign =. If a stands 
for mammals and b for milk-giving vertebrates, then: 



a 



POSTULATES 

Following E. V. Huntington, 2 the postulates of the 
class calculus are generally set forth in pairs. 

I a. If a and b are classes, a + b is a class. 
ib. If a and b are classes, a X b is a class. 

The first pair of postulates establishes class sums and prod- 
ucts as themselves classes. 

2 See Principia Mathematics vol. I, p. 205. 
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sa. There is a class o such that a + o = a y for any 

class a. 
2b. There is a class I such that a X I = a y for any 

class #. 

The class which is the sum of the class "cats" and the null 
class is the same as the class "cats." The class which is the 
product of the class "cats" and the universal class is the 
same as the class "cats." Or, in metaphysical language, cats 
that are beings are all cats. 

3a. If a and b are classes, a + b = b + a. 
3b. If a and b are classes, a X b = b X a. 

The first postulate is the commutative law for class sums 
(class addition); the second is the commutative law for 
class products (class multiplication). The obvious analogy 
is to arithmetic, where: 

7 + 5 = 5 + 7 and 7X5 = 5X7 

4a. If a y b y and c are classes, a + (b X c) = (a -\- b) X 

(a + c). 
4b. If *, b y aid c are classes, * X (b + c) (a X ) + 

(*X*). 

These are the distributive laws for class sums and prod- 
ucts. The second has an analogue in arithmetic; the first 
does not. 

5a. For any class a there is a class a such that a + a ~ I. 
5b. For any class a there is a class a such that a X a = 0. 

That is, if we add giraffes to nongiraffes we get the uni- 
verse; but there are no members of the combined class 
"giraffes that are nongiraffes." 

6. There are at least two classes a and b such that a is 
not identical with b. (a=b). 

Neither a cosmos in which there was only one kind of 
thing nor a calculus which had only one class would be 
very interesting. 
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DEFINITIONS 

A most important idea of Boolean algebra is that of 
class inclusion : 

a C b 

This is read "a is included in ." Although the symbol 
C may be new to us, the notion of class inclusion is fa- 
miliar, for we used it constantly in our work on the classi- 
cal syllogism. Indeed, it is in the theory and calculus of 
classes that we see most clearly the connection between 
modern deductive logic and the traditional logic of the 
syllogism. If we were to set forth a complete class calcu- 
lus, we would soon discover that the syllogism is but a 
particular case of the logic of classes. For example, con- 
sider : 

If a C b y and b C c, then a C c. 

This is the equivalent of the classical dictum de omni et 
nullo, which states: What is true of a whole class is true of 
its farts (subclasses or members of the class). 

There are many definitions of class inclusion, but for the 
purpose of our sample theorems only two need be intro- 
duced: 

Definition i. "(a C )" means "(a X^ o)" 
Definition 2. "(a C b)" means "(* X * = a)" 

RULES FOR THE DEDUCTION OF THEOREMS 

The rules for class calculus are analogous to the rules 
for the sentential calculus. 

i. Rule of Substitution on Class Variables. For any 
variable a, b, c y any variable or construct of variables desig- 
nating a class may be substituted in any postulate or proved 
theorem. Substitution on variables must be carried out 
completely. 

For example, substituting a for b and o for c in postulate 
4b, we obtain: 

a X (a + o) = (a X a) + (a X o) 
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2. Rules governing use of class identity ( ) : 

A. Identity Substitution (Id.S.)- Identical classes 
may be substituted for each other. For example, given 
postulate 53, we may substitute a + a for i in postulate ab 
to obtain: 

a X (a + a) a 

B. Transitivity of Identity (Id.T.). This rule tells 
us that classes identical with the same class are identical 
with each other. For instance, if 

a = (a + a) X I 
and 

(a + a) X I =a + a 
then 

a = a -f- a 

C. Commutation of Identity (Id.C.). This rule per- 
mits commutation of identities, so that a = a + a y for exam- 
ple, may be changed to a + a a. 

Rules corresponding to the principles of inference and 
conjunction in sentential calculus are used in the logic of 
classes. A separate rule based on the principle of reductio 
ad absurdum is necessary for the proofs of certain theorems. 
This rule may be stated: Whatever leads to a contradiction 
is false. 

SAMPLE THEOREMS 

For convenience, the postulates are given here in 
abridged form: 

I a. a -f- b is a class 
ib. a X b is a class 

2a. a + o = a 
2b. a X I = a 

3a. a + b b -f- o 
3 b. a X b ~ b X a 

4a. a+(bXc) = (a + b)X(* + c) 
4b. a X (b + c) = (a X b} + (a X c) 
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5a. a + a = i 
5b. # X a = o 

6. There are at least two classes a and b such that 
*^* 

I. There is at most one universal class i such that 

aX i a. 

This theorem does not state that a X i = a y for this is 
assumed in postulate ab. What the theorem does state is 
the uniqueness of the universal class. The proof makes use 
of the rule of reductio ad absurdum. That is, we assume 
what we are to prove is not so, and show that this assump- 
tion leads to its contradictory. 

Proof: 

i. Suppose there are two universal classes i a and i b such that 
i a =^ i ft. Then 
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n on 2 (i). 

(This will be written "2(1"), 
Id.C.") 

6. i& =: iaXib From 5 and 4 by Transitivity 

of Identity. (This will be 
written "5, 4, Id.T.") 

7- i* = i 6, 2 (ii),Id.T. 

8. There is at most one uni- The assumption that i a and i b 
versal class I such that are distinct leads to a conse- 
a X I a. quence which contradicts it. 

II. There is at most one null class o such that a + o = a. 
This proof is similar to that of theorem I and may be 

worked out by the reader. Assume that there are two null 
classes o l and O 2 such that a + Oi a y and a-}- O 2 = a, and 
so on. 

III. aXa = a 

Here is a theorem that looks notationally as if it would 
lv <^anHalous in algebra, but is quite at home in the logic 
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of classes. The class of "cats that are cats" is identical with 
the class "cats." When ordinary language is substituted in 
this way in basic theorems, the result seems so ridiculously 
obvious that one may well wonder why it is necessary to go 
to the trouble of demonstrating what everybody knows 
intuitively to be true. The answer to this objection is, of 
course, that the object of a logical calculus is not to dem- 
onstrate material common in everyday discourse, but rather 
to build a formal system, one of the properties of which is 
rigor; that is, a system in which nothing is assumed in a 
demonstration which has not previously been postulated 
or proved. 

Proof: 

1. a X (a + ) a Substituting a + a 

for i in 2b by 
Id.S., given 5a. 
(This will be 
written "ab, a + 
*/i Id.S. [sal.") 

2. a X (a + a) (a X a) + 4b, a/b y a/c. 

(a X ) 

3. (a X tf) + (a X a) = a Commute 2, then 3 

follows from this 
and I by Id.T. 

4. (a X a) +0 =a 3, Id.S. (sb). 

5. (a X a) + o = a X a 2a, a X a/a. 

6. a X d : = a Commute 5, then 6 

follows from this 
and 4 by Id.T. 

IV. a + a=a 

If you add the class "Martians" to the class "Martians," 
you get "Martians." Proof of this theorem is much the 
same as that of theorem III. Begin by substituting a X a 
for in 2a. 



V. - - 

Pigs are pigs. The reader can supply the very simple 
proof of this theorem which is related to the "law of 
identity" of classical logic. The analogous theorem in the 
propositional calculus is f 3 />. 
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VI. aXo = o 

There are no archbishops that are members of the null 
class. 

Proof: 

1. a X o = (a X o) + o 2a, <7 X o/tf, and 

commute. 

2. (# X o) + o = o + (a X o) sa, # X o/*, o/A. 

3. *Xo = +(tfXo) i, 2, Id.T. 

4. 0X0 = (*X*) + (Xo) 3,Id.S.(5b).Note 

that the substi- 
tution is made 
only on the first 
o on right-hand 
side. 

5. a X (a + o) = (a X a) + (a X o) 4*>, a/b, O/c. 

6. a X O = a X (a + o) Commute 5, then 

6 follows from 
this and 4 by 
Id.T. 
7.^ + = a 2a, a/a. 

8. aXo =<*Xa 6, Id.S. (7). 

9. aXo =o 8, Id.S. 



VII. *+! = ! 

The class of all who are Elks or who belong to the uni- 
versal class is identical with the universal class. Proof of this 
theorem is like that of theorem VI. Substitute a + i for a 
in sb to get 

a+ I = (a+ i) X I, etc. 

VIII. i^o 

Nothing is the negative of everything. The proof uses 
the principle of reductio ad absurdum. 

Proof: 

1. Suppose the contradictory: i = o. Then 

(i) a^= i and From 6, given I = o. 

(ii) aj^o 

2. a + ~ a + o V, a + o/a. 
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3. a + la + Q 2, Id.S. (l). 

4. a +i = i VII. 

5. a + O = a 2a. 

6. # + O = I Commute 3, then 6 follows 

from this and 4 by Id.T. 

7. a I Commute 5, then 7 follows 

from this and 6 by Id.T. 

8. i T^ o The assumption that I = o 

leads to a contradiction 
(7 and I (i)). 

IX. a^d 

This is analogous to the law of double negation. Com- 
pare theorem XII in the propositional calculus. Gnus are 
not nongnus. 

Proof: 

1 . Suppose a = a 

2. a X a = O 5b, Id.S. (l). 

3. a = o 2, Id.S. (III). 

4. a -\- a l 5a, Id.S. (l). 

5. # -f- a # IV. 

6. # = I * Commute 5, then 6 follows from 

this and 4 by Id.T. 

7. I = o Commute 6, then 7 follows from 

this and 3 by Id.T. 

8. i ^ o VIII. 

9. a 7^ a The assumption that a = leads 

to a contradiction (7 and 8). 

In the class calculus, there are a number of theorems 
which involve the familiar notion of class inclusion. We 
remember that the symbol C is read "is included in," and 
our two definitions of class inclusion: 

Definition I. "a C b" means "a Xb o" 
Definition 2. "a C b" means "a X b a" 

The symbols D , , and = are familiar to us from our study 
of the prepositional calculus. In the class calculus they may 
appear as connectives between any statements in the class 
calculus, their use being governed by the appropriate rules 
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of the prepositional calculus. They may not appear between 
symbols for classes. 

X. a C a 

This theorem, which asserts that any class is included in 
itself, follows from 5b and Definition i. 

XL (a C 3) (* Ca)=a=l> 

a is included in b, and b is included in a y if and only if a 
and b are identical. The technique of proof consists in show- 
ing that the consequent follows from the antecedent and 
vice versa. The analogue of this theorem in sentential cal- 
culus appears as the definition: 

"(?-?)" means "[(^D?) ' (?=>?)]" 
Proof: 



i (ii) ; Conj. 
Def. 2. 
, Def. 2. 

2(ii),Id.T. 

e 2(1'), then 5 fol- 
lows from this and 4 by 
Id.T. 
(This is the first half of the proof.) 

6. Suppose a = b 

7. aXa a III. 

8. aXb-a 7, Id.S. (6). 

9. a C b 8, Def. 2. 

10. bXa = b 7, Id.S. (6). 

11. b C a 10, Def. 2. 

12. (* C b) ' (b C a) 9, ii; Conj. 

(This is the concluding half of the proof.) 

XII. o C a 

The null class is included in every class. Analogously, in 
the prepositional calculus, a false proposition implies any 
proposition. 



I. 
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Proof: 

1. *Xo = o VI. 

2. a X O = O I, a/a. 

3. aXo = oXa 3b, a/a, o/b. 

4. o X a = o Commute 3, then 4 follows from 

this and 2 by Id.T. 

5. o C a 4, Def. I. 

XIII. * c i 

This theorem, which asserts that the universal class con- 
tains all classes, follows from ab and Definition 2. 

XIV. o C i 

This is a corollary of theorem XIII. 

XV. (a C S) 3 (a = o) 

The reader can easily supply the proof. The analogue of 
this theorem in the propositional calculus is: 

(p D -p) D -p 

For demonstration of further theorems in class calculus, 
the reader may consult the reference works listed below. 

BIBLIOGRAPHICAL NOTE 

Useful expositions of the propositional calculus may be 
found in Eaton (/p), pp. 362 et seg.; Ambrose and Lazero- 
witz (/), Chap. 8. The class calculus is explained in Eaton, 
pp. 419 et seq.; Ambrose and Lazerowitz, Chap. 12; Church- 
man (/o), Chap. 12; and Langer (50), Chap. 9. These, as 
well as our own exposition, derive from Principia Mathe- 
matica (50); for the propositional calculus, see Principia, 
vol. I, pp. 90 et seq.; for class calculus, see vol. I, pp. 205 
et seq. 

QUESTIONS AND EXERCISES 

i. Prove the following exercise theorems. Use the rules, 
definitions, and postulates set out for the propositional 
calculus in the text. Text theorems may be used in proofs. 
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Exercise theorems already proved may be used to prove 
subsequent theorems. 

1. qD (-/>=>?) 

2. (q V f) D (f V ? ) 3 

3- PJ> (q v />) 

7- (/ ' -7) =>_(/> ?) 

9. ( /> V y) 3 (/> * ^) 

IO. p 3 (/> 3 q) 

2. Using only these three axioms and definition I, prove the 
stated theorems. (Assume substitution rules of proposi- 
tional calculus and the rule of inference.) 

Ax. I. p D (q V f) 

Ax. II. (q V p) 3 (/> V q) 

Ax. III. (<7 D r) D [(/> D q) D (/> D r)] 

Theorem I. ^ 3 (/> V q) 
Theorem 2. (q 3 />) \/ (p "D ^) 
Theorem 3. (^ D y) V (q 3 />) 
Theorem 4. p D (p \/ q} 

3. Given the following axioms, prove the theorems below 
adapted from Cooley (72). Assume substitution rules of 
the prepositional calculus; these will be interpreted to per- 
mit the substitution of equivalences. Proved theorems may 
be used to prove subsequent theorems. 

I. p= p 

II. p ) q ^= ( p V q) 

III. (p ' qj = ( p v q) 

IV. (p V <?) T 51 ^ (^ V p} 



Theorem I. (p - q) = (q <f>) 

Theorem 2. p 3 (^ r) = [(/> D y) (f 3 r)] 

3 Resist the temptation here to substitute q for /> and /> for q in Perm, 
in the first step. Why is this procedure not justified? Instead, substitute 
r for />, and s for q. Then make appropriate substitutions of p and q to 
achieve the required theorem. 



How Deductive Systems Are Constructed 151 

Theorem 3. (-</> D q) (p V q) 
Theorem 4. [ (p ?) D r] HEE [/> D (q D r)] 
Theorem 5. p^p 

Theorem 6. (p ' q) = (p V q) 
Theorem 7. (p D ^) ss ( y D ^) 
Theorem 8. (p ' ?) ss (/> D ?) 

4. This was one of Lewis Carroll's "pillow problems." A 
harber shop has three barbers, A, B, and C. ( I ) A is 
infirm, so if he leaves the shop B has to go with him. 
(2) All three cannot leave together, since then their 
shop would be empty. Now, with these two premises, let 
us make an assumption and test its consequences. Let us 
assume that C goes out. Then it follows that if A goes 
out, B stays in (by premise 2). But (by premise i) if A 
goes out, B goes out too. Thus our assumption that C goes 
out seems to lead to a conclusion we know to be false. If 
so, the assumption is false, and C cannot go out. But this 
is nonsense, for C obviously can go out without disobeying 
either of these restrictions. C can in fact go out whenever 
A stays in. Thus, strict reasoning from apparently con- 
sistent premises seems to lead to two mutually contradic- 
tory conclusions. 

The problem* is easily solved by propositional calculus. 
Let "A" stand for "A goes out," "B" for "B goes out," 
and "C" for "C goes out." Premise i will then be 
(A B), and premise (2) (A B * C), etc. 

5. What conditions should a set of postulates satisfy? 

6. Hilbert and Ackermann Exercise. The propositional cal- 
culus is set forth by Hilbert and Ackermann 4 in a way 
similar to but not identical with the Whitehead and Rus- 
sell method adapted in the text. Differences in notation 
include the following: 

for p,q X y y 

for -ft -q X y Y 

forp-q X & y 

forpvq X v y, or, simply, XY 

for p D q X y which appears in this system 

only as an abbreviation for 

X v Y B 

4 D. Hilbert and W. Ackermann, Principles of Mathematical Logic 

<**) . . - 

5 Thus, given X -* Y, we may write X v Y. 
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Postulates are analogous to the familiar Whitehead and 
Russell set. 

1. XvX^X 

2. X-*XvY 

3. (XvY)->(YvX) 

4. (Z- y)- [ZvX-*ZvY] 

Rules are the same as those we have already met: 

a Rule of Substitution. We may substitute for a sen- 

tential variable (i.e., a capital italic letter) any given 

sentential combination, provided the substitution is com- 

plete. 

y8 Rule of Implication. From the two formulas 21 

and 21^53, the new formula Sis obtained. 

Further rules are derived as needed. We shall assume 

the following three derived rules to have been given from 

the start: 

1. If 21 v33is a theorem, then 33 v 21 is a theorem. 

2. If 21 -33 is a theorem and any other formula 
whatsoever, then 21 93is also a theorem. 

3. If 21 93 and 93-* are theorems, then 21-* 
is also a theorem. 

Exercise. (i) From the material above, justify each 
step in the proofs of the following theorems. (Note: prior 
theorems in the sequence are used in the proofs.) (2) 
Translate the notation of the proofs to the notation used 
in the text. Are these proofs now valid? 

Theorem i. (X -* Y) -+ [ (Z -* X) - (Z -+ 7)] 
Proof: 



2. 



Theorem 2. X v X 
Proof: 

1. X-*XvY 4. X-*X 

2. X^XvX 5. XvX 

3. XvX-*X 
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Theorem 3. X v X 
Proof: 

I. XvX 2. XvX 

Theorem 4. X * X 
Proof: 

1. XvX 3. X->X 

2. XvZ 

Theorem 5. X -^ X 

Proof: _ 

1. X-*I 5. XX 

2. X-*f 6. 

3 . zz-+zf 7 . 



Theorem 6. (X -> 7 ) -> ( ? - JT) 
Proof: 

i. ^- JF 5. Xf - 

2. y^ f 6. zy 



3 . y-^^y 7. (z^ y)-> (y-^z) 

4 . zy^ yz 

7. What is meant by connotation? By denotation? Choose 
three or four class names, and give the connotation and 
denotation of each. Do proper names have connotation ? 
Denotation ? 

8. Give the justification for each step in the following proof 
of theorem III in the class calculus: 

1. a X I = a 

2. a X (a + a} = a 

3. a X (b + c) = (a X b) + (a X c) 

4. a X (a + a) = (a X a) + (a X a) 

5. (a X a) + (a X a) = a X (a + a) 

6. (a X a) + (a X a) = a 

7. (a X a) + O = a 

8. a + O = a 

9. (0 X a) + O = X a 

10. tf X # (#X0) +O 

11. /* X a = # 
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9. Give the justification for each step in the following proof 
of theorem VI in the class calculus: 

1. a + o =. a 

2. a = a + O 

3. a X O = (a X o) + O 

4. a + h = b -\- a 

5. ("X O) +0 = O + ("X O) 

6. a X O = O + (a X O) 

7. X O = (a X /?) + (tf X O) 

8. a X (/> + c] = (a X /O + (a X r) 

9. * X (<? + o) = (a X i?) + (a X O) 

10. (* X a) + (a X O) = a X (* + o) 

11. a X O = a X (rf + o) 

12. tf + o = a 

13. /i- X O = a X a 

14. rf X = O 

15. tf X = O 

10. Prove the following theorems in class calculus. 

1. The null class is unique (Theorem II) 

2. a + a = a (Theorem IV) 

3. a = a (Theorem V) 

4. a -\- i = i (Theorem VII) 

5. O C a 

6. a C a (Theorem X. Use Def. 2) 

7. ( a C } D (ff=o) (Theorem XV) 

8. O C i 

9. a (a X h) + (a X b} Use ab, 5a, and 4b. 

11. Given the following as axioms, prove the stated theorems. 
(Assume the rules permitting substitution on variables and 
those governing class identities.) 

I. a = a -\~ a 

II. n X a = O 

III. a + /; = />+*_ 

IV. ff Cb=(fiXb)=o 

V. a + a = I 

VI. * X I = a 

VII. X (A + *) = (* X A) + (* X r) 

Theorem I . a = a 

Theorem 2. # C a 

Theorem 3. a = (a X b) + (a X b) 












SECOND EDIT ON 
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not a difficult matter to check the truth of the statement 
by examining the wastebasket. There are, however, large 
classes of statements about objects not directly observable 
(atoms, for instance), and here the means of checking the 
truth of statements is not so simple. The objects dealt with 
by nuclear physics are far more abstract than those we 
observe as we clean house. Still, statements about anti- 
protons, as well as statements about mice, describe the 
world around us; it is, ultimately, by an appeal to fact that 
they are verified or falsified. 

What about the truth of the statements of formal science 
those of mathematics and logic? They talk about things 
which do not seem to be either directly observable, such 
as rain or mice, or indirectly observable, such as protons. 
Let us take the simple arithmetical statement often cited 
by public speakers as an example of an obvious and incon- 
trovertible truth "2 + 2 = 4." What makes it true? The 
statement does not seem to describe anything in the exter- 
nal world, because we never seem to find any numbers, 
-pure numbers, in this world. Yet some, like John Stuart 
Mill, have believed mathematical statements to be very 
general descriptions of the properties of natural objects. 
This "realist" view of the propositions of mathematics has 
not been popular in our century. 

Could we say that "2 + 2 = 4" is true because this state- 
ment fits m y or coheres with, the whole ordered scheme of 
ideas and statements we call "arithmetic"? In that case, 
"2 + 2 5" is false because it is out of joint with this 
formal scheme. That is (we remember that it is possible to 
set forth arithmetic in the form of an axiomatic system), 
we could say that "2 + 2 = 4" is true in that it is a theorem 
of arithmetic which follows from certain previously dem- 
onstrated theorems, these in turn following from certain 
axioms which are unproved but assumed to be true. 

The same considerations hold for logical statements. 
The statements of formal logic are true in that they follow 
as theorems either from previously proved theorems or 
from the postulates or basic ideas of the particular logical 
system. Thus, "(/> 3 p) D />" is true because it ran be 
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shown to follow from the postulate of tautology by means 
of the application of the transformation rules of the sen- 
tential calculus. But this seems only to push the question 
back one step. From what source do the postulates and 
rules of such formal systems derive their truth? Indeed, is 
it proper to speak of such abstract statements and stipu- 
lations as being "true" at all? 

We know that if we are given the statements "/>" and 
also "p implies q" we may validly infer by the rule of 
inference that therefore q is true. But from what founda- 
tion does the rule of inference derive its authority? Is it 
arbitrarily set up like the rules of a card game? Is it true by 
definition? Or is it true because it is a "law of thought," 
the human mind being so constituted that it must think 
that way? Or is the word "true" simply not applicable to 
such a case? The puzzle involved here may come into 
sharper focus if we consider the question of the status of a 
familiar logical postulate, the law of noncontradiction. 

THE LAW OF NONCONTRADICTION 

The principle of noncontradiction (a thing cannot at 
once be and not be; a statement cannot be true and false 
at the same time) is the most important of the three basic 
axioms or "laws of thought" of classical logic. Leibniz 
considered it the foundation of mathematics. The Scho- 
lastics held that it was not only a logical but a metaphysical 
truth. Aristotle put it at the base of all science. In modern 
logical systems the law of noncontradiction does not always 
appear as a postulate (in our sentential calculus it is proved 
as a theorem) ; yet it may be used as a postulate in a mod- 
ern system. Moreover, in many systems where the law is 
not used explicitly, some analogue of the law does stand 
in the list of axioms. So it is quite proper for us to take the 
law of noncontradiction as a typical example of a logical 
law, as we inquire into what it means to say (if we may say 
so at all) that such laws are true. 

Aristotle considered the law of noncontradiction self- 
evidently true. Says he: "There is a principle in things 
about which we cannot be deceived, but must always, on 
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the contrary, recognize the truth. It is that the same thing 
cannot at one and the same time be and not be. ... The 
same attribute cannot belong and not belong to the same 
subject and in the same respect." 1 Suppose we supply 
Aristotle with examples. A door cannot be open and shut 
at the same time, and a shoe cannot be black and white in 
the same place. A dog cannot bark and not bark at once. 
Now, is the law of noncontradiction anything more than a 
rule stating that a statement cannot be both true and false? 
According to Aristotle and the classical logicians who fol- 
lowed him, the principle of noncontradiction is indeed a 
basic rule of discourse in both logic and language. But, they 
claimed, it is more than this. The law is fundamentally a 
very general description of how things behave in nature 
outside the realm of logic and language, as well as inside it. 
Whatever is, says Aristotle, whether it be in the realm of 
human discourse or in the totality of Nature, obeys this 
all-pervasive law. The law of noncontradiction, Leibniz 
adds, holds good for everything, not only for things in this 
world but for all possible worlds. Thus, to the classical 
logicians, the principle of noncontradiction is a fundamen- 
tal law to which conform not only statements but also 
natural objects and events. 

LOGICAL LAWS AS ANALYTIC STATEMENTS 

At first sight, the law of noncontradiction does appear 
to be what the classical logicians claimed a very wide and 
inclusive generalized description of the characters of things. 
Dogs certainly don't bark and not bark at the same time, 
and it is impossible for a galaxy to revolve and not revolve 
"in the same respect." In fact, it is difficult to think of any 
natural object or event in this or in any other world which 
does not "obey" this law. But many recent logicians flatly 
deny that the law of noncontradiction is anything more 
than a rule of language, a rule which happens to be useful 
both in formal logic and in ordinary discourse. These 
logicians (let us call them "formalists") insist that the law 
of noncontradiction cannot be a general statement about the 

1 Aristotle, Metaphysics (2), Book IV, io6i b 34, ioo5 b 18. 



The Nature of Logical Truth 159 

behavior of things in Nature, for it is not a descriptive 
statement. It is an analytic statement or tautology. An ana- 
lytic statement is one which is true by definition, such as 
"A bachelor is an unmarried man." Such statements admit 
of no exceptions, not because they describe invariable prop- 
erties of Nature, but rather because they are based on an 
agreement as to how we are going to use language. If we 
met a man who said that he had just met a bachelor who 
was not an unmarried man, we would not say to him, 
"What an interesting exception to the general law some- 
thing like an albino crow 1 " Rather we would reply, "You 
are not using the word 'bachelor' the way everybody else 
uses it. You must mean a 'bachelor of arts' or some other 
thing like that." Analytic statements are not jalsifiable; no 
event could happen that would make them untrue. 

In contrast to analytic statements, a synthetic or descrip- 
tive statement is not true by definition. Rather it is true 
because it squares with some set of facts outside the order 
of language. Descriptive statements may be singular, such 
as "This kitten is healthy" and "Elizabeth is Queen," or 
general, such as "The sun always rises" and "The specific 
gravity of gold is 19.3." In either case, descriptive sentences 
point beyond language to factual situations. They are not 
simply stipulations as to how we should use words, or rules 
for putting sentences together. Unlike analytic statements, 
synthetic (descriptive) statements are falsifiable. Events 
can happen that would make them false; the facts they 
point to could be otherwise. The kitten may fall ill j the sun 
could explode. 

Now, according to the formalist, the propositions of 
formal science (this includes logic and mathematics) are 
not synthetic but analytic. They are true by definition. 
They are tautologies expressions whose truth value is 
always true, expressions which could not but be true. 2 Con- 
sider the law of the excluded middle: a thing must either 

2 "The laws of arithmetic," says Frege in The Foundations of Arith- 
metic (22), "are analytic judgments and consequently a priori. Arithme- 
tic thus becomes simply a development of logic, and every proposition 
of arithmetic a law of logic, although a derivative one. To apply arith- 
metic in the physical sciences is to bring logic to bear on observed facts." 
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be or not be; a statement must be either true or false. Is 
it not obvious that this holds whether f is true or false? 
So too with the law of noncontradiction. This law is true 
simply by virtue of its formal structure, not because it 
describes any physical, metaphysical, or moral state of 
affairs. Because of its close relation to the rules of ordinary 
discourse, we are apt to be partial to the law of noncon- 
tradiction and to grant it privileged status. But the principle 
of tautology: 

(p V p) D p 

is just as much a logic axiom as the law of noncontradiction; 
yet it would never occur to anyone to claim that the prin- 
ciple of tautology describes some all-pervasive quality of 
Nature. To say, "If today is Tuesday or today is Tuesday, 
then today is Tuesday," should be more than enough to 
convince one that such formulae can tell us nothing at all 
about natural events. The purpose of the axioms of formal 
logic is to serve as frames within which we can arrange 
formal systems of abstract relations, not as descriptions of 
matters of fact. As Wittgenstein said, "I know nothing 
about the weather when I know that it rains or does not 
rain." 

There is another point the formalist may suggest to 
strengthen his claim that the statements of logic and mathe- 
matics are true only "by definition." Ordinary mathemati- 
cal and logical systems seem to have their own subject 
matter. The statements of such systems appear to be about 
certain ideas peculiar to the system. Statements of arithme- 
tic seem to be about numbers. Statements of Euclidean 
geometry appear to concern spatial relations and can easily 
be translated into statements about physical space. Proposi- 
tions of conventional logical calculi seem to be about 
sentences, classes, or similar logical entities. But these 
appearances, says the formalist, are deceptive. Statements 
constituting logical systems are not "about" any subject 
matter in particular. A "pure" logic would be the study of 
structures of formal implication without regard to their 
applicability to such specific ideas as sentences and classes. A 
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"pure" geometry would make no assertions about such 
familiar things as lines and points on the surface of the 
earth, no statements about physical space. 

All this leads up to the rather eerie suggestion that 
the systems of formal relations which underlie ordinary 
logic and mathematics are not about anything at all. A 
pure logic and a pure mathematics would consist of a sys- 
tem of signs which would remain meaningless until inter- 
preted onto some kind of subject matter such as the dis- 
tances between the stars. That is why Bertrand Russell 
said that in mathematics we do not know what we are 
talking about or whether what we are saying is true. 

Why is it, they ask, that natural objects and events seem 
to obey the law of noncontradiction? The planet Uranus 
cannot move around the sun and in the same respect remain 
motionless. Nor can the trumpeter play his horn and at 
the same time not play it. The reason we think that natural 
objects and events follow the law of noncontradiction, says 
the formalist, is that we confuse the order of language 
and symbols with the order of Nature. This is a very old 
confusion, responsible in the past, so we are told, for many 
philosophers' errors. All natural language has certain fun- 
damental rules, more comprehensive than those of gram- 
mar. Such a rule is the law of noncontradiction. It is a very 
natural error to mistake a characteristic or peculiarity of 
language for a property of the world since we cannot 
talk or perhaps even think about that world save in lan- 
guage. Thus, the error of the logical realists (so the for- 
malist might call Aristotle and all who consider the law to 
be a genuine description of natural objects and events) 
is a sophisticated variation of the naivete of the peasant 
who avowed that the pig is rightly so called because it is a 
very dirty animal. In sum, the formalist position is that 
the law of noncontradiction is no more than a basic syn- 
tactical rule, a rule of putting sentences together in such 
a way as to ensure sensible communication. It should not 
be confused with a scientific law which endeavors to de- 
scribe some regularity or pattern of behavior in Nature. 

Nature neither "obeys" nor "disobeys" the law of non- 
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contradiction. Nature just is. It is logic and language alone 
that obey and must obey this law. Ordinary discourse is 
based on the two truth values "true" and "false," and it is 
an unspecified but basic stipulation of ordinary discourse 
that our communication with one another should adhere to 
this rule. For if in talking to one another we do not abide 
by the principle of noncontradiction, we will talk nonsense. 
"It used to be said," says Wittgenstein, "that God could 
create everything except what was contrary to the laws of 
logic. The truth is, we could not say of an 'unlogicaP world 
how it would look." 3 

OBJECTION TO THE FORMALIST POSITION 

But if the law of noncontradiction is no more than a 
basic rule of language, may we not ask why it is this rule 
and not another that is used in logic and common dis- 
course? Is the choice of such a fundamental rule a matter 
of convention only? Is the law arbitrarily chosen; would 
some other law do just as well? In the past, formalists have 
said yes to this question; the choice of the law of noncon- 
tradiction as a fundamental rule for logic and language is 
no more and no less than a matter of convention. Today, 
however, this answer is generally considered too simple. 
The formalist is more likely to say that the law of non- 
contradiction is indeed a rule of language and not a descrip- 
tion of how things behave in Nature, but the preeminence 
of this law is not the result of convention or of arbitrary 
choice. A logic based on the law of noncontradiction is 
simply more useful to our purposes than one which is not. 
A language having the principle of noncontradiction at its 
roots is better equipped to handle the general situation 
with which language is called upon to deal. The choice 
between a system containing a law of noncontradiction and 
some other system has an objective basis the greater de- 
gree of adequacy as a tool for ordering and communicating 
knowledge. 

But the logical realist may reply to this pragmatic view 
with the claim that the very introduction of the notion of 

3 Ludwig Wittgenstein, Tractatus Logtco-Philosofhicus (52), 3.031. 
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utility of the law of noncontradiction weakens the case 
for any formalist interpretation of the law. Does not the 
fact that a system based on the principle of noncontra- 
diction is more useful than one which is not strongly sug- 
gest that the world itself exhibits patterns which reflect 
the law? A key that is useful in opening a lock is one whose 
cut conforms in some way with the inner structure of the 
lock. Restricting the application of the law to the realm 
of language only drives the distinction between the linguis- 
tic and the natural orders too far and too hard. The realist 
admits that there is truly a difference between the order 
of language and the order of Nature. But in certain impor- 
tant ways language can, and does, reflect the structure 
of the world itself, even though this reflection is approxi- 
mate and partial. For example, the distinction between 
nouns, verbs, and adjectives in many natural languages 
mirrors the distinction between things, events, and qualities 
in Nature. 

IS THE ANALYTIC-SYNTHETIC DISTINCTION ABSOLUTE? 

Another, and more recent, objection to the formalist 
position is this: To say that the law of noncontradiction, in 
contrast to statements about matters of fact, is simply a 
linguistic rule or purely analytic statement is to assume that 
there is an absolute difference between analytic and syn- 
thetic (descriptive, empirical) statements. But is it really 
the case that a gulf lies between the two classes of state- 
ments? Perhaps the formalist, in his enthusiasm over the 
success of the formalization of logic and mathematics in 
axiomatic systems, has driven the distinction between ana- 
lytic and factual statements too far. According to W. V. 
Quine, human knowledge is an ordered whole, a con- 
ceptual scheme j only at its periphery does this system of 
concepts touch sense experience. The scheme of concepts we 
call science is a manifold of interconnected propositions, 
ranging from statements about observable objects like fruit 
flies or quartz crystals to statements about atomic events 
such as the spins of electrons. Toward the center of this sys- 
tem are the laws of logic and mathematics. These are 
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statements which we would be very reluctant to modify or 
give up, for such modification or surrender would require 
drastic revision of the whole scheme a scheme which 
works well for us, since it enables us to control natural 
forces and to predict future events. Nowhere in the scheme 
of science, however, can we find a fundamental break be- 
tween two types of statements such as that presupposed by 
the formalist distinction between analytic (formal) state- 
ments and synthetic (factual) statements. It is just because 
the laws of logic and mathematics are at the core of our 
conceptual scheme that we consider them unshakable, i.e., 
necessarily true. But even the laws of logic and mathematics 
should not be regarded as in 'principle immune to revision. 
(Already there has been talk of revising the law of the 
excluded middle as a means of simplifying quantum me- 
chanics.) Hence there should be no absolute distinction 
between analytic and synthetic statements. Formalist doc- 
trines which assign to the statements of logic and mathe- 
matics a kind of truth utterly different from the general 
descriptions of physical science rest on a dichotomy too 
extreme to stand without qualification. 

LIMITATIONS OF AXIOMATIC SYSTEMS 



The statements of mathematics and logic are analytical, true 
by virtue of their consistency with all the other statements of 
the particular systems of which they are a part, these statements 
following as theorems from sets of axioms taken as true by 
convention or arbitrary choice. A complete set of axioms for 
any formal system can be assembled and all statements true in 
terms of the system can be proved from the axioms. 

Such a view of the nature of deductive systems can no 
longer be put forward without serious modification. Spurred 
on by brilliant successes in casting logic and mathematics 
into axiomatic systems, formal scientists of our time hoped 
to show that the truth of all propositions of any and every 
logical or mathematical system could be formally and 
finally proved by demonstrating the completeness of the 
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system. The German mathematician Hilbert found absolute 
proof for consistency and completeness of certain farts of 
mathematical systems. But such proofs did not suffice when 
applied to Principia Mathematica, a system in terms of which 
all of arithmetic could be expressed. It is now known that 
such proof is impossible. In 1931, the mathematician Kurt 
Godel ( 1 906- ) demonstrated that for certain formal 
systems, such as ordinary arithmetic, there will always be 
true statements expressible in terms of those systems which 
cannot be proved from the axioms. Such statements are 
"formally undecidable" and the systems in which they 
appear are "incomplete." 

What is the significance of GodePs proof? It seems to 
point to an inherent limitation in the axiomatic method, 
once thought to be absolute as a means of demonstrating 
the truth of statements of formal science. It shows that the 
older formalist theories of the foundations of logic or 
mathematics are no longer tenable without important qual- 
ifications. In the words of a recent appraisal of GodePs 
work, his proof means "that the resources of the human 
intellect have npt been, and cannot be, fully formalized, 
and that new principles of demonstration forever await 
invention and discovery." 4 

Prior to GodePs proof, there were many earlier indica- 
tions that the formalist theory of logic and mathematics 
was overly simplified. Among such symptoms were the 
appearance of paradoxes in logical and mathematical sys- 
tems. A logical paradox or antinomy, as it is sometimes 
called, is a self-contradictory concept or statement, one that 
violates the law of noncontradiction or implies such a vio- 
lation. If we should discover that upon the assumption of 
"S" (a statement) it necessarily follows that therefore 
"not S" and that if "not S," then "S," we have hit upon 
a logical paradox. 5 

4 Nagel and Newman, "GodePs Proof" (39)) p. 101. 

5 Originally, a paradox meant any opinion not generally held, hence 
any eccentric doctrine. This sense of "paradox" is assumed by De 
Morgan in his book A Budget of Paradoxes (/^), to which the reader 
is referred for his enjoyment. 
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The method of GodePs proof that if arithmetic is con- 
sistent it is incomplete is patterned up to a point on a queer 
antimony called "the Richard Paradox," published in 1905 
by the French mathematician Jules Richard. This paradox 
may be explained in the following way. Suppose that we 
wanted to set down a series of definitions of purely arith- 
metical properties of whole numbers. The numerical prop- 
erty of being a perfect square, for example a property 
possessed by numbers like 4, 9, 64, etc. could be defined as 
"being the result of some whole number multiplied by 
itself." The property of being a prime number might be 
defined as "not divisible by any number except itself and 
i." All other arithmetical properties would be appropri- 
ately defined. Now, we look at our batch of definitions of 
number properties, and decide to arrange them in some 
sort of order. We pick out the shortest definition, that is, 
the one with the least amount of letters of the alphabet in 
it, and call that definition number (i). Then we find the 
next shortest definition and call that number (2), and so 
on. If two definitions have exactly the same number of 
letters, they will be arranged on the basis of the alphabeti- 
cal order of the letters in each. We now have a long list of 
definitions of arithmetical properties, each with its own 
order number. But we notice a peculiar thing. Certain order 
numbers may actually possess the property set out in the 
definitions of which they are order numbers. 

For example, our order number 13 may have been 
assigned on the basis of the number of letters to the defin- 
ing expression "not divisible by any whole number other 
than i and itself." Now 13 actually possesses that property. 
On the other hand, our order number 8 may have beside 
it the defining expression "being the result of some whole 
number multiplied by itself." Of course, 8 does not have 
that property. Let us call those order numbers like 8 that 
do not possess the property set out in the definition beside 
them "Richardian" Those numbers like 13 that have the 
property explained in the definition they number do not 
possess the property of being Richardian. So far, so good. 
But now the thought strikes us what about the property 
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of being Richardian? Surely that property should be listed 
in our series of definitions, and it should have its own order 
number determined by the number of letters in its defini- 
tion. Suppose the definition of the property of being Rich- 
ardian is assigned to a certain number n. The sinister ques- 
tion now rises: is that number n Richardian? If n is Rich- 
ardian, it does not have the property set out in the defini- 
tion beside it (i.e. being Richardian). But if n is not 
Richardian, it does have the property set out in the defini- 
tion beside it 'being Richardian). If "S" then "not S," and 
if "not S" then "S." 6 

A famous antinomy is "Russell's Paradox," discovered 
by Bertrand Russell (1872- ), coauthor with A. N. 
Whitehead of the Principia Mathematica (50). This is 
the paradox of the class of all classes that are not members 
of themselves. All classes, it would seem, may be divided 
into two kinds: those that do not contain themselves as 
members and those that do. An example of the first is the 
class "cat." The class of all cats is not itself a cat. An exam- 
ple of the second is the class of all conceivable notions, 
since this class is itself a conceivable notion. Let us call the 
first kind of class nonself-inclusive and the second type self- 
inclusive. Let NSI stand for the class of all nonself- 
inclusive classes. The question is: Is NSI a nonself-inclusive 
class? If it is nonself-inclusive, it is a member of itself. But 
if it is a member of itself, it is self-inclusive, hence if it is 
nonself-inclusive it is self-inclusive. Yet if on the other hand 
NSI is self-inclusive and thus a member of itself, it must 
be nonself-inclusive, since by definition all the members of 
NSI are nonself-inclusive ; thus if it is self-inclusive, it is 
nonself-inclusive. 

Intuitively familiar notions such as "class" often seem 

6 Nagel and Newman, whose account of Richard's Paradox is fol- 
lowed here, point out that the antinomy is defective. The definition of 
"being Richardian" does not refer to a purely arithmetical property 
of whole numbers, but to a notation used to formulate arithmetical 
properties. Hence the definition of the property of being Richardian 
is metalinguistic (see p. 169) and thus does not belong in the series. 
This, of course, does not affect the validity of GodePs proof. (Godel's 
Proof, pp. 62, 63.) 
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to us to need no further definition before we introduce 
them as elements of a deductive system. But the appearance 
of paradoxes like Russell's is evidence that such ideas, 
apparently crystal clear, frequently need careful fomula- 
tion and restriction if we are to hope for a deductive system 
free of self-contradictory statements. Russell resolved the 
paradox by appeal to his "theory of types." The contradic- 
tion, he pointed out, is generated by failure to distinguish 
between things of different logical types. A class and its 
members are of different logical types. A class can have as 
members only things of a type lower than itself. Thus there 
can be no class which contains as members classes which 
are self-inclusive, for there are none. If this restriction is 
obeyed the paradox above cannot be generated. 

Another type of paradox that has interested modern 
logicians is the ancient antinomy of Epimenides the Cretan, 
who said : 

All Cretans are liars. 

Let us assume that by "liar" is meant one whose statements 
are invariably false. Let us also assume that all other 
Cretan statements are in fact lies. Then the following situ- 
ation arises. If Epimenides is telling the truth, then his 
statement is false, for he is a Cretan. But if his statement 
is false, there must be at least one true statement made by 
a Cretan. Since we have assumed that all other Cretan 
statements are false, the exception can only be the state- 
ment just made. Hence if Epimenides' statement is false, 
he speaks the truth. The statement of Epimenides is tech- 
nically not the best formulation of the "antinomy of the 
liar," for in terms of Epimenides' assertion the antinomy 
is defective. A more precise form of the Cretan paradox is: 



The statement in the rectangle on this page is false. 



The paradox results from allowing statements to refer to 
themselves. It is eliminated if we distinguish sharply be- 
tween levels of language. In the o;>/-language we talk 
about things, as for example, the statement "Lucia is un- 
faithful." In the metalanguage we talk about statements, 
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as in this case, "The statement 'Lucia is unfaithful* was 
made by Mario." For example, in presenting the proposi- 
tional calculus, we have from time to time used the letters 
/% Q } in addition to the letters $ y q. If the reader will look 
back in the text, he will now be able to recognize the capi- 
tal P's and Q's as metalinguistic symbols which are used to 
talk about statements. The small />'s and r's we used when 
we wanted to make statements. And so we move pro- 
gressively up through the various levels of statements. If 
we keep these levels clearly distinct, we can see that no 
statement can refer to itself, and thus the paradox is 
eliminated. 

When the ancient Skeptics said, "No knowledge is cer- 
tain," their critics triumphantly pounced on the apparent 
self-contradiction. By this very statement of doctrine, said 
they, the Skeptic implicitly claims certainty for at least 
one piece of knowledge, his own doctrine. But could not 
the Skeptic escape the charge of self-contradiction by insist- 
ing that no statement should be taken as referring to itself? 
Such a debate actually occurred in philosophical circles in 
our own time when the English positivist A. J. Ayer an- 
nounced his support of the doctrine that only analytic and 
factual-descriptive statements are meaningful, all others, 
including metaphysical propositions such as "God is the 
cause of the world," being nonsensical. 7 Antipositivist critics 
quickly wanted to know about that proposition, "Only ana- 
lytic and descriptive propositions are meaningful." It is not 
an analytic statement, such as "2 + 2 = 4"; for if it were, 
everyone who understood it would agree with it, which is 
not the case. And it is obvious that it is not a proposition 
describing a matter of fact, such as "It is raining." Being 
neither analytic nor factual then, said the critics, one can 
only conclude that the proposition "Only analytic and 
descriptive propositions are meaningful" is nonsense. Ayer's 
defenders were not slow to invoke Russell's theory of types, 
pointing out that the statement "Only analytic and descrip- 
tive propositions are meaningful" should not be taken as 
self-referring. Replied the antipositivists, "That's a dodge!" 

7 Ayer, Language , Truth and Logic (3), p. 213. 
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BIBLIOGRAPHICAL NOTE 

For a discussion of the meaning of "truth" as applied to 
mathematical propositions, see Hempel's essays, "On the Nature 
of Mathematical Truth" and "Geometry and Empirical Sci- 
ence" (24). The first of these essays contains an account of 
Peano's axiom system as a basis for arithmetic as well as a 
defense of the view that propositions of formal systems are 
true "by definition." Aristotle's account of the law of non- 
contradiction is in Book IV of his Metaphysics (2). Nagel 
surveys the problem of the principle of noncontradiction in his 
essay "Logic Without Ontology" (j#), and suggests a solu- 
tion of the pragmatic type. This chapter owes much to Nagel's 
writings. For Quine's attack on the absolute distinction between 
analytic and descriptive propositions, see his "Two Dogmas of 
Empiricism," in From a Logical Point of View (^^), and the 
introduction to his Methods of Logic (42). A very readable 
exposition of Godel's proof is given by Nagel and Newman 
in a book of that title (39). 

There is a theoretical discussion of the paradoxes of logic in 
Chap. 2 of Ushenko's The Problems of Logic (49). Further 
discussion of the paradoxes, with many illustrations, can be 
found in Churchman's Elements of Logic and Formal Sci- 
ence (/o). 

QUESTIONS AND EXERCISES 

I 

1. What is meant by saying that truth is a property of sen- 
tences? In what sense of "true" do we say truth is a prop- 
erty of objects? Give examples from ordinary language. 

2. Under what circumstances will the following propositions 
be true? (i) A redstart just flew in the window. (2) A 
minor is a person under 21 years of age. (3) %y = 15. 

3. The statement "3 + 2 = 5" is true for similar reasons as, 
say, the assertion that "no sexagenarian is 45 years of age" 
(C. G. Hempel). Explain what is meant here. Do you 
agree? 

4. Outline on paper the debate on the status of the law of 
noncontradiction, summing up the various positions as 
succinctly as possible. What position do you take? Give 
reasons. 
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5. Explain the distinction between analytic and synthetic (de- 
scriptive) statements. What is meant by saying that the 
statements of logic are analytic? Explain why the expres- 
sion "q D (p V y)" is a tautology. 

6. What did Codel's proof prove? What limitations inherent 
in axiomatic systems does his proof reveal? 

7. Explain Russell's paradox of the class of all classes that 
are not members of themselves. Explain Richard's paradox. 
Why is it defective? 

8. Explain the distinction between object-language and meta- 
language. Illustrate; include an example from the meta- 
language of logic. 

II 

Examine the following puzzles. Locate and explain the 
paradox (if there is one) in each case. If you can, suggest a 
means of resolution. 

1. The town of Alcala has only one barber and he shaves all 
those and only those who do not shave themselves. Who 
shaves the barber? 

2. All words may be divided into two classes autological 
and heterological. Autological words are those which them- 
selves possess the property they designate. For example, 
"short" is an autological word because it is short. Hetero- 
logical words, on the other hand, are those which do not 
themselves possess the property they designate. Thus "long" 
is a heterological word, for it isn't long. Now the question 
is: to which of these two types does the word "heterologi- 
cal" belong? 

3. "The sentence you are now reading is false." True or 
false? 

4. You have been engaged by the library of Union Theologi- 
cal Seminary to catalogue all those books in the library 
which contain no mention of themselves. When complete, 
your catalogue is to be published as a book and added to the 
library collection. You are now correcting the final proofs 
of your book. Should your catalogue list itself? 

5. "All generalizations are false, including this one." 

6. During the Second World War, Dr. R. V. Glencoe of 
Pelham Manor, New York, devised a siren warning device 
for use by the civil defense organization of his community. 
The device was ingeniously constructed. It contained a 
little siren that sounded when and only when all the sirens 
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in nearby New York City were silent. One day Dr. Glen- 
coe brought his warning device into New York City to 
demonstrate it before officials of the civil defense there. 
What did his warning device do when the city sirens were 
silent? Can you suggest a remedy? 

7 WILSON : What Senator Lodge is about to say is false. 

SENATOR LODGE: The President has just spoken the truth. 

8. When he was a young man Socrates was told by Zeno of 
Elea about the race between Achilles and the tortoise. 
"Since you are such a slowpoke," said Achilles to his oppo- 
nent, "I'll give you a head start. You start at point A on 
the track and I'll start 100 feet in back of you." So they 
did, said Zeno, and the race began. 

Now, in order to overtake the tortoise, Achilles had to 
pass through point A. But since it takes a little time to reach 
point A, the tortoise has moved ahead to point B. Again, in 
order to overtake the tortoise, Achilles must pass through 
point B. It takes him a shorter time to do this, but still time 
enough for the tortoise to crawl ahead to point C. The same 
holds for points D, E, F, etc., with Achilles unable to do 
any more than to shorten the distance between himself and 
the tortoise ahead. So, concluded Zeno, Achilles never 
overtook the tortoise. 

"But Zeno," young Socrates protested, "I saw Achilles 
pass the tortoise; with my own eyes I saw it." 

"Impossible," Zeno retorted, "Logic proves that Achilles 
cannot overtake the tortoise. If your senses tell you other- 
wise, so much the worse for your senses! " 
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Induction has always been closely associated with the 
methods of observation and experiment in physical science. 
At the dawn of modern science, Francis Bacon announced 
that the inductive method of the new sciences would put 
to rout deduction, a mode of inference he associated with 
the excessive rationalism of the later Scholastics. Today we 
know that Bacon's conception of the methods of natural 
science as exclusively inductive rather than deductive was 
much too one-syied. For it seems that the more advanced 
a natural science, the greater the part played in it by deduc- 
tive procedures. Theoretical physicists are not able directly 
to examine the highly conceptual entities they talk about; 
the basic propositions of nuclear physics concern thing- 
events like electrons and neutrinos which are unobservable. 
Nevertheless, conclusions may be deduced from the hypoth- 
eses of nuclear physics which are testable by observation 
and experiment. No science which purports to describe the 
world around us can do away altogether with inductive 
procedures. 

What is induction? We saw at the outset (p. i) that, 
unlike a deductive argument, the premises of an inductive 
argument do not formally imply the conclusion, although 
the premises may set forth good reasons for drawing that 
conclusion. Now we can offer a more specific explanation 
of induction. It is a mode of inference by which we proceed 
from observations of particular instances or cases to a 
generalization about all instances or cases of the same kind. 

173 
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This generalization may then be used deductively as a basis 
of prediction concerning future cases: 

Certain /f's have been examined, and have 
Induction A been found to be 5's. 

J [Therefore, all A's are B\. 
Deduction i Therefore this new, unexamined A will 

[ also be B. 

Suppose I test several samples of alloy X for conductivity 
of heat. My results being favorable, I conclude that alloy 
X is an efficient heat conductor, and I use this finding as 
a basis of prediction concerning the behavior of future 
samples of alloy X. Had I known at the outset that alloy 
X is one of a general type of alloys all of which have the 
property of high heat conductivity, I could have reached 
the same conclusion deductively, and spared myself the 
inductive procedure of testing instances unless, of course, 
I wanted to confirm the generalization by independent 
experiment. 

We may consider the following general statements to 
have been inductively established, for in each case the 
generalization was preceded by observation or experience 
of a number of instances. 

1. Human blood falls into four major groupings. 

2. Bluefish always poisons me. 

3. Tibetans have inferior mentality. 

4. The specific gravity of gold is 19.3. 

5. All men are mortal. 

6. Comets move in elliptical orbits. 

7. Once a thief, always a thief. 

8. Swimming immediately after meals is dangerous. 

9. The female mantis eats her mate. 
IO. All babies here are worthy of a prize. 

Note that just because each generalization represents the 
conclusion of an inductive inference, it does not follow 
that each induction is necessarily sound. Some inductions 
are sound; others are not. We shall discuss at greater 
length below what it means to say this. 

Are all inductions inferences from particular cases to 
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generalizations? Many of our everyday inferences follow 
this form: 

Certain A^% have been examined and have been found to 

be S's. 
So this unexamined A will also be B. 

These inferences may be analyzed in two ways. ( i ) They 
are combined inductive-deductive inferences in which the 
generalization is implicit. 

Certain A's have been examined and have been found to 
be fi's. 

(Therefore, all A\ are S's.) 

So this unexamined A will also be B. 

(2) They are inductions of a type which does not involve 
generalization induction from particular to particular. 1 
Current logicians, however, tend to regard all inductions 
as following the first pattern, that is, as inferences to 
generalizations. Assuming this first interpretation, the 
reader can then easily formulate the generalization implicit 
in each of the following inferences: 

You'll have.*some fine skiing weather this month; every 
January we've been up here, we've had excellent snow 
conditions. 

1 J. M. Keynes distinguishes between arguments based on the number 
of instances examined (induction by simple enumeration] and argu- 
ments based on analogy. Suppose I have examined an instance of A in 
which the properties of P y Q, R y S y etc., are conjoined. Let us say I 
have been particularly impressed by property X. Now, when I come 
upon another instance of A together with its properties P, Q, R, S, etc., 
I infer that this instance of A will also have the property X. A social 
worker notices a high incidence of emotional disturbance in children of 
families marked by certain characteristics parental conflict, overconcern, 
and so on When he studies a set of families with analogous character- 
istics, he expects to find a similar incidence of disturbance in the chil- 
dren. A paleontologist finds a fossilized jaw bone resembling that of a 
modern man, he concludes that the animal which possessed it was of the 
species homo sapiens. We argue from analogy, says Keynes, insofar as 
we depend upon the likeness of the instances, from simple enumeration 
or "pure induction" when we rely on the number of the instances. Yet 
the two modes of induction are closely connected. For increasing the 
number of cases examined may confirm analogy } on the other hand, such 
increase may show up differences which observation of a small number 
of cases did not reveal. See Keynes, A Treatise on Probability (29), 
Part 3. 
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This cleaning compound has worked badly whenever 
we've used it; it will make a mess of your coat. 

I'm sure you'll find Miss Grandison satisfactory; we have 
always found her a reliable employee. 

Every payday so far this year old Tom's been drunk; he'll 
be high as a kite tonight. 

It should be quite clear, and the reader has doubtless 
already observed it, that the premises of these inductive 
arguments do not logically imply their conclusions. That is, 
simply because the tested samples of alloy X have the prop- 
erty P, it does not necessarily follow that all samples of 
alloy X have the property P. Nor does the statement "On 
warm, damp nights in the past, fireflies have invariably 
appeared" logically imply the statement "Fireflies always 
appear on warm, damp nights." "Some A is 5" does not 
logically imply "All A is #." Since the conclusions of induc- 
tive arguments do not necessarily follow from their prem- 
ises, inductive logic cannot be presented as a formal system. 
It was the hope of many early philosophers of science that 
induction could be arranged in an exact system comparable 
to deductive logic, with rules and operations of similar pre- 
cision. It is now generally conceded that this task is 
impossible. 

Because inductive conclusions do not seem to follow 
necessarily from their premises, must we then deny that 
there are any sound inductions at all? This would be hard 
to accept. For some inductions certainly do seem sounder 
than others, as a glance at the generalizations in the list on 
p. 1 74 will show. 

INDUCTION COMPLETE AND INCOMPLETE 

At the outset, we should distinguish between two kinds 
of inductive inference. Consider one of the generalizations 
cited on p. 174: "All babies here are worthy of a prize." 
Now let us assume that the judge based his decision on an 
examination of each and every baby in the room. Consider, 
again, a sergeant, ordered to report absences in his platoon j 
he notes that A is present, B is present, and so on down 
the line without exception. He reports, "All present, sir." 
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Again, a boy returns from the store with a dozen peaches. 
Since he brought home some unripe ones last time, his 
mother checks the contents of the bag, noting that every 
peach is ripe including the twelfth. Then she says, "They 
are all ripe." Now what is common to these inductions? 
Each and every instance of the kind of thing under investi- 
gation has been examined. In schematic form: 

#i> #2> a a> - a n have the property P. 
a i> a 2> a z, a n are all the tf's there are. 
Therefore, all #'s have the property P. 

This type of inference is not of primary importance. First, 
it is really not inductive inference at all, but rather a con- 
venient summary of what we already know. Second, it is 
not easily had. In only a minority of cases are we lucky 
enough to be able to check each and every instance of the 
subject under investigation. Still, this type of summation 
has real, if limited, use. After Aristotle, who classified it, 
it was known as "perfect induction." A better name would 
be "induction by complete enumeration." We shall not dis- 
cuss this type of Inference further. 

By far the more important kinds of induction those 
we rely on most heavily in scientific investigation and 
everyday life are of the type the ancients called "imper- 
fect" induction, that is, inductive inference as passage from 
"some" to "all." When we conclude that the sun always 
rises, that water quenches fire, that gold is malleable, that 
men are mortal, we reach our general conclusion after hav- 
ing examined only some of the instances of the subject 
under investigation. We could not have examined all be- 
cause there are indefinitely many instances. The schematic 
form of our inductions is: 

#1, #2> #3> a n have the property P. 
Therefore, all a\ have the property P. 

Or, more succinctly: 

Some A has the property P. 
Therefore, all A has the property P. 



178 A Handbook of Logic 

For our purposes, we shall take the term "induction" to 
be synonymous with incomplete induction. The capacity 
to form general judgments is a characteristic of human 
intelligence, and without incomplete induction a large and 
important part of the generalizations of science and com- 
mon sense could not be formed. Further, whatever prob- 
lems and puzzles there may be concerning induction, they 
refer to induction by incomplete enumeration or by analogy, 
not to "perfect" induction. 

STRICT AND BROAD INDUCTIONS 

Let us make one further distinction. Inductive generali- 
zations may be put forward with one of two intentions. 
When we say "All A's are 5's," we may mean "Each and 
every A is B without exception." The generalizations "All 
men are mortal" and "Parthenogenesis does not occur in 
humans" are of this type. Let us call this strict induction. 
But often when we assert that all A's are 5's, we mean 
"Generally speaking, A's are 5's." Entomologists say that 
the female praying mantis, after mating, decapitates and 
eats the male. But if a case were observed in which the 
female mantis did not behave toward her mate with such 
savagery, entomologists would not feel that the founda- 
tions of their science had been dealt a shattering blow. For 
the statement was put forward as a broad induction; that is, 
as a general rule, the female mantis behaves in this way. 
In any science where great numbers of variables are in- 
volved, generalizations are usually put forward as induc- 
tions of broad rather than of strict intention. 

THE PROBLEM OF SOUND INDUCTION 

The practical utility of inductive generalizations is that 
they enable us to predict future occurrences. If samples of 
iron melt whenever I heat them to a certain temperature, 
I can form a general description or "law" which I may then 
apply deductively to future instances of that metal. An 
employer, interviewing a pretty and unmarried girl, cal- 
culates on the basis of past experience that he can count 
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on her presence in his office for no more than a year or two 
before she marries and goes off to make her own home. But 
how can we tell a sound induction from an unsound one? 
What gives us the right, in certain circumstances, to make 
use of general statements or "laws" for purposes of predic- 
tion, when only some of the instances have been examined? 
In the round of daily experience, we encounter many in- 
stances of inductive generalizations which we quickly rec- 
ognize as doubtful. Such would be "Actors are supersti- 
tious" and "Vodka has no aftereffects." On the other hand, 
we tend to accept such general statements as "At standard 
pressure, copper melts at x C." and "All men are mortal" 
as soundly established. Yet in the case of both pairs of 
generalizations, only some of the instances referred to have 
been examined. How is it possible to distinguish a sound 
induction from an unsound one? 

TENTATIVE CRITERIA OF SOUND INDUCTION 

What justifies inductive generalizations is the evidence 
we have for them. Hence, in determining the criteria of 
sound inductioi^ we shall have to examine the ways in 
which we can assure ourselves that the evidence on which 
we base a generalization is good evidence. 

Let us consider an example of relatively unsound induc- 
tion: "Tibetans have inferior mentality." Is it possible to 
specify why such an induction is weak? We might challenge 
it on the following points (passing over the ambiguity of 
the term "inferior mentality") : 

1 . Insufficient number of instances examined. The per- 
son making the generalization is probably basing it on a 
limited number of experiences of Tibetan people. 

2. Existence of contrary instances. We ourselves may 
know of a significant number of Tibetans who are intel- 
ligent. 

3. Variable character of that which the generalization 
concerns. Intelligence in humans varies greatly, and past 
experience tells us that generalizations about human traits 
are frequently unreliable. 

4. Absence of independent confirmation. Among the 
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published studies of Tibet and the Tibetans, there is none 
which makes such a claim nor are there any independent 
inductions (such as "Tibetans have poor visual discrimina- 
tion") to which the subject generalization could be related. 

Now contrast with this relatively unsound induction the 
relatively sound one "The sun rises every day." Unlike 
the generalization about Tibetans, there are good reasons 
to accept "The sun always rises." What is the nature of the 
evidence in this case? 

(i) The sun has been observed to rise in the morning 
a very large number of times. (2) We know of no authen- 
ticated instance in the past when the sun did not rise. (3) 
The rotation of the earth is not a variable matter like the 
behavior of redheaded girls. (4) In addition, the statement 
draws independent strength from the fact that it can be 
deduced from the laws of planetary motion, laws which 
have independent inductive support by way of examination 
of other planets. 

In our treatment of the examples above, we have tenta- 
tively isolated the following as criteria for sound induc- 
tions: (i) sufficient numbers of instances examined, (2) no 
contrary instances, (3) nonvariable character of phenom- 
enon under investigation, and (4) independent confirma- 
tion by deduction from more general laws, those laws being 
confirmed by other evidence than that used to support the 
given generalization. 

Now, each of these criteria requires comment. 

i. The criterion of number of instances. First of all 
we should note the circular character of the phrase "suf- 
ficient number of instances." Granting that a sufficient num- 
ber of instances would satisfactorily establish an induction, 
the question remains, "What is a sufficient number?" If 
this question could be answered, most of the puzzles con- 
cerning induction would evaporate. It would certainly be 
helpful if we could adopt as a universal rule a formula to 
the effect that the strength of an induction increases in 
direct proportion to the increase in the number of instances 
examined. That is, the more instances of A found to be B, 
the more likely it is that all future A's will also be 5. But 
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to adopt any such formula would be decidedly risky. For 
a large number of instances is not in itself a safe criterion 
for the soundness of an inductive generalization. True, the 
criterion of number of instances is often relied on in prac- 
tice. After a number of obviously imperfect fillings ("If it 
had been only one, I wouldn't have minded!"), we change 
dentists, if we are sensible. The respect shown to the theory 
and practice of a new training-school administrator grows 
with the number of delinquents rehabilitated by his new 
education therapy. J. H. Fabre's classic work on insects is 
the fruit of thousands of painstaking and minute observa- 
tions. In medicine, in the social sciences, and in many other 
fields of research, the number of instances examined is 
often highly relevant to the security of the conclusions 
drawn. Why then should one object to the formula: 
The more instances examined, the sounder the inductive 
generalization? 

One reason for objection is that there are large areas 
of both practical experience and scientific investigation 
where the criterion of increasing number of instances sim- 
ply does not holcj at all. It takes only one or two painful 
experiences to convince us that fire burns painfully or that 
it is not a good idea to rely on recapped tires. On the other 
hand, examination of 200 crows, each of which is black, will 
not incline us to bet money on the soundness of the induc- 
tion "All crows are black." In the more highly developed 
sciences, such as physics, the criterion of large numbers of 
instances examined is hardly ever used. Rayleigh and Ram- 
say, who discovered argon, weighed no more than a sample 
or two of the gas, and found the density of the samples to 
be about 20 j this figure was then accepted as the measure 
of the density of argon. 

By reason of subject matter, the social sciences rely more 
heavily on extensive sampling than do chemistry and 
physics. Hence it is of great importance that rules be formu- 
lated in the social sciences for obtaining fair samples of the 
phenomenon under investigation. It is one of these rules 
that other things being equal, the reliability of a sample 
increases with an increase in the size of the sample. To be 
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sure, other things being equal, a survey of social conditions 
in Harlem based on examination of 2000 families would 
be more reliable than one based on 100 samples. But there 
comes a point in such surveys by sampling where the de- 
crease in the margin of error achieved by increasing the 
number of instances examined diminishes to the point of 
relative uselessness. Then, too, the presence of the phrase 
"other things being equal" tells us that the rule of increas- 
ing number is of little value in isolation from other tests 
of fair samples. For the number of cases might be large 
but poorly chosen, thus weakening the conclusion drawn 
from them. Hence the rule of increasing numbers is usually 
employed in association with other rules. One such rule is 
that of randomness : The more nearly random the sampling, 
the greater its reliability. The social investigator who con- 
fines his interviews to residents of Harlem who live on 
Edgecombe Avenue, say, would be no wiser than the house- 
wife who took as typical the strawberries on top of the box. 
Another rule of sampling, closely related to that of random- 
ness, is that concerning stratification: A reliable sampling 
of a stratified group must reflect that stratification. A social 
survey of Harlem families which failed to take into account 
the small but important segment of professional people in 
that area would be seriously defective. 

2. No contrary instances. This criterion of induction 
is of more value destructively than constructively. As sup- 
port for a generalization it has no more force than "No 
news is good news." In the case of the generalization "All 
A is 5," the fact that no A has turned up that is not B 
does not of itself mean that A will never occur without B. 
It is said that some eighteenth-century logic texts con- 
tained the statement "All swans are white" as an example 
of a sound inductive generalization, citing as evidence the 
very large number of white swans observed and the com- 
plete absence of reports of swans of any other color. When 
the news came that Captain Cook's men had turned up 
astonishing numbers of black swans in newly explored parts 
of Australia, that particular example was hastily dropped 
from the textbooks. The moral of the story is that neither 
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large numbers of favorable instances nor the absence of 
unfavorable instances can be considered as completely reli- 
able criteria of induction. 

3. Nonwariable character of the phenomenon under 
investigation. The weakness of an induction seemingly 
well supported by favorable instances, and attended by no 
known unfavorable instance, can often be detected by at- 
tending to the idea of variability. The induction concerning 
the whiteness of swans is a case in point. Even if none but 
white swans had ever been observed, the nature of the phe- 
nomenon concerned the color of plumage should have 
suggested caution before generalizing. For the color of 
plumage is highly variable in birds in contrast to warm- 
bloodedness, which is constant: for example, finches appear 
in all shades from purple to yellow, but all are warm- 
blooded. In the example of the swans, we are not simply 
reminding ourselves of the possibility of variability. We 
are also throwing light on the infirm foundations of this 
induction by showing that it tends to be disaffirmed by 
a more general law. The whiteness of swans is a partic- 
ular case of the C>lor of birds, and the proposition "Color 
in birds is constant" is false. Hence the law "Color in birds 
is variable" j this has independent confirmation and thus 
tends to disconfirm the generalization "The color of swans 
is invariably white." Hence statements about invariable 
color in swans should have been suspect in advance, even 
if no black swans had ever turned up. 

4. Independent confirmation by deduction from more 
general laws. I can know of the explosive results of heat- 
ing unopened cans of soup in two ways. The first is by 
painful experience. This is the way of simple induction. 
The second, and safer, way is by considering in advance 
the general law "Gases when heated expand," and deduc- 
ing from it that I will have a minor catastrophe on my 
stove if I heat the unopened can on it. The method of 
confirming inductions by showing that they are deducible 
from certain more general and independently confirmed 
laws is one of the most powerful tools in the methodology 
of the natural sciences. What is the evidence supporting the 
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generalization "All men living will one day die"? It is not 
only that a very large number of instances of men's deaths 
have been examined j that we do not know of any instance 
in the past of a man who has failed to die. The statement 
draws enormous strength from the fact that it can be de- 
duced from independently confirmed biological laws con- 
cerning higher organisms generally. Similarly, the knowl- 
edge that the properties of metals are relatively constant 
in contrast to human traits, which are known to vary 
widely can be applied to support the statement that the 
specific gravity of gold is 19.3. 

However, even though an inductive generalization "All 
A is B" can be supported by deduction from an independ- 
ently confirmed law "All X is Y," we should not forget 
that "All X is Y" itself rests on inductive evidence. Con- 
sider the statement, "Ice is less dense than water." We can 
establish this generalization by direct induction by measur- 
ing particular samples of ice. In addition, we can confirm 
this inductive generalization deductively by showing that 
it follows from two general statements: (i) Water freezes 
at o C. (2) Water expands as the temperature drops below 
4 C. Now, although the confirmatory procedure is deduc- 
tive, the two statements which serve as premises themselves 
depend upon inductive evidence. 

IS FULFILLMENT OF THESE CRITERIA ENOUGH? 
HUME'S OBJECTION 

Some philosophers have said in the past, and some stil 
say, that it is not enough for an induction to meet these 
criteria of soundness. They say that an inductive generaliza 
tion can conform to these tests number of instances, nc 
contrary instances, etc. and yet not really be sound. Or, i 
meeting these criteria is what "soundness" means, they say 
then "soundness" is not enough really to justify induction 
The classic example of such a critic is the Scottish philos 
opher David Hume (1711-1776). 

Hume called into question the reliability of inductio 
generally, and the justice of his criticism is still a matte 
of debate among logical analysts and students of scientifi 
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method. According to Hume, the only reliable knowledge 
we have is that which we receive through sense experience. 
But sense experience brings us in contact with particular 
and individual occurrences only. It never presents us with 
generalities. 

When we make an inductive statement, says Hume, 
such as "The sun always rises" or "All larks build their 
nests on the ground," we are stating something more than 
experience tells us. We jump to a conclusion the evidence 
does not strictly warrant. What experience does tell us is 
that in the past the sun has always risen and larks have 
built their nests on the ground. So too do we know that 
in the past men have invariably died and hydrogen has 
proved inflammable. But experience does not tell us that 
the sun will rise tomorrow, that larks will build their nests 
on the ground next spring, that those men now living will 
die. Nor does past experience of hydrogen have anything 
necessarily to do with instances of hydrogen which have 
not yet been observed. Because something has been noticed 
to behave in a certain way in the "past is not in itself a guar- 
antee that it will Continue to behave that way. In inductive 
inference, Hume reminds us, we assume that the same 
properties will occur in the future on the basis of the obser- 
vation of constancy observed in the past. But this assump- 
tion is not justified by experience, since its justification 
would require observation of instances not yet observed. 
"It is impossible," says Hume, "that any argument from 
experience can prove this resemblance of the past to the 
future; since all these arguments are founded on the sup- 
position of that resemblance." 2 

It is Hume's opinion, then, that experience gives us no 
warrant of certainty for inductive statements. Why, then, 
do we make them and use them so confidently to support 
our predictions, both scientific and common-sense? Hume 
would have us believe that we make inductive generaliza- 
tions through nothing more than the force of habit. A dog 
that has been fed at the back door every day for a year at 
five o'clock will sit there this evening at that hour the very 

2 Hume, An Enquiry Concerning Human Understanding (25), p. 37- 
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essence of expectancy. But the fact that he has been fed at 
that time in the past does not in itself constitute sufficient 
ground for the belief that he will be fed at five o'clock 
tonight, nor indeed that he will be fed at all. The situation 
is not wholly different with us humans. We make inductive 
generalizations, says Hume, through force of habit. That 
things have turned out in a certain way in the past accus- 
toms us to believe that they will turn out that way in the 
future. But for this belief there is no real justification 
other than custom and habit. 

ATTEMPT TO JUSTIFY INDUCTION: THE UNIFORMITY 
OF NATURE 

Since Hume's time, philosophers and analysts of scien- 
tific method have gone to considerable trouble to "justify" 
induction, that is, to find some kind of principle or ground 
upon which valid induction rests. One of these is the prin- 
ciple of the uniformity of Nature, a criterion associated 
with the English economist and logician, John Stuart Mill 
(1806-1873). "The proposition that the course of nature 
is uniform," says Mill, "is the fundamental principle or 
general axiom of Induction." 3 Natural events are not iso- 
lated bits of a miscellaneous jumble. They are part of a 
vast process of cause and effect. The principle of uniformity 
involves the law of causation. "The cause of a phenome- 
non," Mill tells us, is "the antecedent, or the concurrence 
of antecedents, on which it is invariably and uncondition- 
ally consequent." Observation of a very few conjoined 
instances of metal and heat convinces us that heat will melt 
metal. For we perceive that the melting and the heat are 
not just coincident, but elements in a causal sequence. Now, 
Nature is a system of such causal sequences, a grand pattern 
of events which are not merely haphazardly associated but 
necessarily connected with one another. 

According to Mill, the principle of the uniformity of 
Nature is the ultimate major premise of every inductive 
argument. It is the most general empirical proposition. 
Upon this principle depends not only scientific investiga- 

3 Mill, A System of Logic (36), p. 201. 
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tion, which presupposes it, but all conduct of practical 
affairs. An enormously large number of instances confirm 
this general principle, while no instances of which we 
have reliable knowledge run counter to it. The axiom of 
uniformity communicates its certainty to all less general 
laws and to the particular inductive propositions of the 
natural sciences. The causal connections investigated by 
these special sciences are particular exemplifications of the 
law of uniformity. 

One of the common objections to MilPs use of the law 
of uniformity to justify induction is that this procedure 
involves a circular argument. For we are justifying induc- 
tion on the strength of the principle of uniformity of 
Nature, but the proposition "Nature is uniform" is itself 
established by induction. Mill was aware of this difficulty, 
and argued that the law of uniformity was exceptional 
among inductive statements. He was convinced that the 
usual challenge offered to inductive arguments could not 
be brought against this single, all-embracing principle, 
unique in its comprehensive generality, verified by evidence 
from all possible -quarters, with no known case to the 
contrary. 

Nevertheless, most critics have continued to find Mill's 
principle of uniformity unsatisfactory as a foundation of 
induction. The law is too vague. It appears to be an empiri- 
cal proposition, but it has a hidden analytic quality. It is 
close to being true by definition. For every event which 
appears to support the law is counted as a favorable in- 
stance. But if a phenomenon occurred which seemed to run 
counter to the uniformity of Nature, our conclusion would 
doubtless be that, if only we knew all the attendant cir- 
cumstances, we should see that this too is an instance of 
Nature's uniformity. 

Mill's law of uniformity is an attempt to formulate the 
belief all of us have that the world hangs together in some 
orderly fashion, and that the natural course of events shows 
patterns and periodicities upon which we may safely depend 
for purposes of prediction. But it is very difficult to state 
the grounds for this belief in terms of a single axiom. 
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It is even more difficult to prove anything about the 
"order of Nature" by tallying instances of that order. 
Long ago, Aristotle had remarked the obvious uselessness 
of searching for a large number of examples to support 
statements such as "A body tends to fall toward the center 
of the earth" and "Fish have backbones." The function 
of simple enumeration in such cases, Aristotle thought, is 
not to prove anything, but rather to call our attention to 
the existence of certain general patterns in Nature. The 
role of induction is to nudge us into awareness of these 
universal natural features, the existence of which is pre- 
supposed by the special sciences. Aristotle did not believe 
that there was any need to prove by extended nose counting 
what any reasonable man could see for himself after he 
had observed a few cases. 4 Neither Aristotle nor Mill 
would agree with Hume's view that mere repeated asso- 
ciation in time and space of object A with property P is all 
that supports induction. But neither was successful in for- 
mulating a principle which clarifies the problem of why 
inductive reasons are good reasons. 

MILL'S METHODS: THE CANONS 
OF INDUCTION 

Mill's principle of the uniformity of Nature leads him 
to another approach to the justification of induction. Induc- 
tive generalizations, he says, are based on the assumption 
that there are events in Nature which are causally con- 
nected? and it is possible to distinguish these from events 

4 Because of Aristotle's belief that the role of induction in science is 
to enable us to "see" the universal pattern manifest in the particular 
case, his conception of induction is sometimes called intuitive induction 

5 Earlier, Hume had perceived the close relation of the question of 
causality to the problem of induction and had subjected the concept 
of cause to his skeptical inquiry. Experience, said Hume, gives us no 
more rational justification for believing in the objective existence of a 
causal relation (A causes B) than it does for the existence of those 
general laws we try to establish by induction (All A is B) . Experience 
may furnish us with numerous separate instances of A attended by B. 
(The sun shines j the stone is warm.) We may even discover in our 
experience invariable sequences in each of which A is followed by B. 
(Whenever the sun is shining, the stone is warm.) But each observa- 
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which are only fortuitously conjoined. The dark clouds are 
causally related to rain, while the phase of the moon is not. 
The presence of oxygen in the air is causally connected to 
the burning of wood; the presence of nitrogen is coinci- 
dental only. Now, if we can formulate sound canons for 
identifying real causal connections in Nature if we can 
find reliable ways of distinguishing causal sequences from 
merely coincidental association then we must admit that 
some kinds of induction, at least, are justified. 

Mill's methods, or Canons of Induction, are five in num- 
ber: the method of agreement, of difference, of residues, 
of concomitant variations; an additional canon (discussion 
of which we shall omit) is formed by joint use of the 
methods of agreement and difference. 

I. THE METHOD OF AGREEMENT 

// two or more instances of the phenomenon under 
investigation have only one circumstance in common, the 
circumstance in which alone all the instances agree is the 
cause (or effect) of the given phenomenon. 

In the summer of 1956, there was a small outbreak of 
typhoid fever in New York City. Upon investigation, it 
was found that all of the victims had a common history of 
attendance at the same confirmation party, held shortly 
before they had fallen ill. Further investigation confirmed 
that the disease had been transmitted by one of the food 
handlers at the party. 

Jevons cites the example of Sir David Brewster's inquiry 
into the cause of the iridescent colors of mother-of-pearl. 
Was it the chemical composition of the shell itself that 
produced this effect? Or was it some characteristic of the 
surface of the shell? Impressions of the mother-of-pearl 
surface were taken in wax, and later a similar surface was 



tion of B following A is always something separate and distinct from 
the next. Causation is never observed by sense perception. What sense 
observation tells us is "A then /?," "A then 5," and so on, but no more 
than this. Now through habit we insert between A and B a convenient 
and fictitious "necessary connection," which we call a causal relation, 
and then we conclude that "A causes B" (The sun warms the stone.) 
But we do not find this necessary connection in experience. 
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contrived in metal. The iridescent color now appeared in 
three substances shell, wax, and metal. Each had in com- 
mon a finely grooved surface. It was concluded that this 
common circumstance was the cause of the iridescence. 

Atherosclerosis is killing large numbers of Americans 
today. It is known that Americans have in common the 
highest protein diet in the world. So certain investigations 
have proceeded on the hypothesis that high protein diet 
is one of the major causal factors in arterial disease. Im- 
portant, although incomplete, confirmatory evidence has 
come from recent studies performed on young American 
soldiers killed in the Korean war. These studies showed 
that, in many cases, their blood vessels were lined with 
lesions. The lesions contained fat and waxes, among them 
a substance called cholesterol. This fat is common in many 
foodstuffs and is notably present in meat, milk, and eggs, 
as well as in products made from these foods. 

Limitations of the Method of Agreement. The method 
of agreement has some power to provide us with sugges- 
tions, hypotheses, and lines of inquiry to be pursued in 
the investigations of science and those of everyday life. 
But this power is so limited that by itself the method 
of agreement is ineffective either as a canon of discovery 
or of proof of a causal connection. The canon is formulated 
in terms of a test for the cause. But we know that the 
same event may be produced by a plurality of causes. Of 
course, Mill was aware of this difficulty and conceded that 
the first canon requires the second (the method of differ- 
ence) as a supplement. But the method of agreement has 
an important further limitation. It is almost impossible 
ever to isolate one single circumstance which alone is com- 
mon to several instances of a phenomenon. In the incident 
of the typhoid-fever outbreak cited above, it so happened 
that all the victims were members of the Jewish faith. But 
this common circumstance (as well as the fact that all the 
victims had backbones) was quite properly ignored by the 
investigators. 

The difficulty of isolating the common circumstance in 
several instances of a phenomenon under investigation was 
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well brought out by the famous inquiry of G. K. Chesterton 
and Hilaire Belloc into the cause of drunkenness. They 
drank brandy and water and got drunk. They drank Scotch 
whisky and water and got drunk. They drank gin and water 
and got drunk. Observing that water was present in each 
instance of the phenomenon under investigation, they con- 
cluded that water is the cause of drunkenness, and solemnly 
resolved to avoid consumption of that liquid in the future. 

2. THE METHOD OF DIFFERENCE 

// an instance in which the phenomenon under investi- 
gation occurs, and an instance in which it does not occur, 
have every circumstance in common save one, that one 
occurring only in the former, the circumstance in which 
alone the two instances difer is the effect, or the cause, or 
an indispensable 'part of the cause of the phenomenon. 

Looking out his window one night, a man notices that 
the moon has a strange cruciform aura. In some excitement, 
he calls out to his wife downstairs to look out the living- 
room window. She reports that she sees nothing unusual 
about the moon. T*he man moves to another window, and 
the cruciform light surrounding the moon has disappeared. 
He goes back to the first window, and once more observes 
the original phenomenon. Suddenly he realizes that his 
window, though open, is screened. He raises the screen to 
find himself looking at a quite ordinary moon. The striking 
phenomenon, he realizes with chagrin, was caused by the 
screen's interference with the light of the moon. 

During the Spanish-American War, it was suspected 
that yellow fever was transmitted by the bite of a mosquito 
rather than by direct contact with infected patients. In an 
experiment conducted by an American medical commission, 
three volunteers slept in a screened room with clothing 
that had been in contact with yellow-fever patients. None 
of the volunteers contracted the disease in these circum- 
stances. Then one of the volunteers entered a similar room 
to which mosquitos were admitted. He contracted the dis- 
ease. This was evidence that yellow fever was transmitted 
by mosquitoes. 
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The ancient Greek physician Galen was feeling the pulse 
of a distinguished lady one day when someone came in 
and said he had just been to the theater, where he saw 
Pylades dance. Galen observed a sudden acceleration of his 
fair patient's pulse, and suspected that her illness was 
caused by her love for the dancer. On her next examination, 
Galen arranged that someone should come in and remark 
that he had just seen the dancer Morphus perform. This 
produced no marked quickening of the lady's pulse. But 
Galen noticed the same exaggerated reaction when on the 
succeeding day the name of Pylades was mentioned once 
more. 

For years, a certain Chicago lawyer had suffered from 
exhausting fatigue at the end of his work day, a fatigue 
all out of proportion to the amount of work he actually 
did. His physician could find nothing wrong with him, 
and advised him to see a psychiatrist. Prejudiced against 
psychiatrists, the lawyer decided to experiment on himself. 
Changing his diet, taking more exercise, and increasing his 
hours of sleep did no good. Finally, it occurred to him to 
suspend smoking his beloved pipe. At the end of the month, 
the fatigue symptoms had markedly diminished. During 
the next four weeks, he resumed smoking his pipe. The 
symptoms quickly returned. He concluded therefore that 
his pipe smoking was the principal cause of his fatigue, 
and reluctantly put his pipe away until such day as he 
should retire. 

Limitations of the Method of Difference. Like the 
method of agreement, the method of difference can provide 
us with tentative hypotheses as to causal factors as well as 
tentative confirmations of their existence. As Mill points 
out, the canon is particularly useful when employed in asso- 
ciation with the canon of agreement to eliminate noncausal 
factors. But it is obvious that the canon of difference, as 
Mill formulates it, is far from airtight either as a method 
of proof of positive causal agents or as a method of their 
discovery. For the canon requires that the two instances 
in one of which the phenomenon is present, in the other 
absent have every circumstance in common save one. That 
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this ideal condition is impossible of fulfillment is shown by 
the following example. 

A health officer, investigating a case of mass ptomaine 
poisoning in a girl's boarding school in Poughkeepsie, New 
York, finds that of 30 girls who became ill, all 30 partook 
of the potato salad served the previous evening for supper. 
Of the 22 remaining boarders, all are well and none ate 
potato salad that night. The officer quite sensibly concludes 
that the potato salad contained the causal agent and orders 
laboratory tests to confirm this. Now, the reasoning of the 
health officer is in the spirit of Mill's method of difference, 
but not in the letter. For if the formula of the canon is 
exactly adhered to, the officer would have to show that salad 
eaters and nonsalad eaters had every circumstance in com- 
mon save one. But this is absurd. The boarders differed not 
only in their eating of the salad that particular evening but 
also in their height, weight, age, disposition, and color of 
hair. 

It is sometimes said that the value of the method of 
difference can better be seen when the canon is stated nega- 
tively: Nothing cqgi be the cause of a phenomenon if the 
phenomenon does not occur when the supposed cause does. 
This is in accord with the following rough formula for the 
difficult notion of "cause": 

x is the cause of y y if when x occurs, y occurs, and when 
x does not occur, y does not occur. 

3. THE METHOD OF RESIDUES 

Subduct from any phenomenon such part as is known by 
previous inductions to be the effect of certain antecedents, 
and the residue of the phenomenon is the effect of the 
remaining antecedents. 

According to Jevons, 

There cannot be a simpler case of this than ascertaining the 
exact weight of any commodity in a cart by weighing the cart 
and load, and then subtracting the tare or weight of the cart 
alone, which had been previously ascertained. We can thus too 
ascertain how much of the spring tides is due to the attraction 
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of the sun, provided we have previously determined the height 
of the tide due to the moon, which will be about the average 
height of the tides during the whole lunar month. Then sub- 
tracting the moon's tide the remainder is the sun's tide. 6 

A cannon shot fired from a frigate at sea falls puzzlingly 
short of the Frenchman. Wind direction, elevation, and 
train have been taken into account, to no avail. Suddenly it 
occurs to Lieutenant Hornblower that he did not allow 
for the motion of the ship itself which serves as the gun's 
platform. On the supposition that neglect of this factor is 
the cause of the discrepancy, the requisite correction is 
made. Verification occurs as succeeding shots fall true. 

Early in the nineteenth century, it was thought that 
Uranus was the outermost planet of the solar system. Its 
orbit was calculated on the assumption that its motion was 
determined only by the sun and the planets within the 
orbit of Uranus. But there was a discrepancy amounting 
to two minutes of arc between the orbit plotted on the basis 
of these calculations and the observed positions of Uranus. 
In 1845, the astronomer Leverrier postulated the existence 
of a planet, hitherto unknown, at some position in space 
beyond Uranus which was influencing its motion. The 
position of the hypothetical planet was plotted, and in 
1846 a new planet, later named Neptune, was observed 
through the telescope within one degree of the predicted 
space. 

Limitations of the Method of Residues. The method 
contains no rule for the discovery of the cause, this being 
found upon confirmation of a hypothesis independently 
drawn. In the case of the discovery of Neptune, the dis- 
crepancy between the calculated orbit and the observed 
positions of Uranus did not of itself point to the existence 
of a new planet. Even on the assumption that the cause 
of the disturbance was of planetary origin, the discrepancy 
could have been caused by two planets, although Leverrier 
was right in testing the simpler hypothesis first. Further, 
if a and c are followed by b and d y and a is known to be the 

6 Jevons, Elementary Lessons in Logic (26), p. 253. 
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cause of b y it does not follow that c is the cause of d, unless 
it can be proved that a and c are the only antecedents and 
that a is not also the cause of c. To use Eaton's example, 7 
suppose we knew that two men entered a house at night 
and that two other men were found murdered there shortly 
afterward. Suppose we knew that A murdered B. Would 
it follow that A's companion, C, murdered D? No, for A 
might have murdered them both. 

4. THE METHOD OF CONCOMITANT VARIATIONS 

Whatever -phenomenon varies in any manner whenever 
another phenomenon vanes in some particular mawner is 
either a cause or an efect of that yhenomenon^ or is con- 
nected with it through some jact of causation. 

A wife observes that the degree of her husband's cheer- 
fulness varies inversely with the incidence of house visits 
from her mother. Very little imagination on the wife's 
part will suggest the hypothesis that her mother's visits and 
her husband's gloom are causally connected. 

The phenomena known as magnetic storms produce com- 
pass disturbances ^nd interfere with radio communication. 
For years, observations of the sun have showed that sun- 
spotsdark areas believed to be titanic storms on the sur- 
face of the sun increase at just those times when magnetic 
storms are producing fine displays of aurora borealis and 
disrupting wireless communications on the earth's surface. 
It is now generally agreed that magnetic storms on earth 
are caused by these disturbances on the surface of the sun. 

There has been a remarkable increase in the incidence of 
lung cancer in the last twenty-five years. Mortality from 
the disease during this period has gained more than 500 
percent. At the same time, there has been an enormous 
increase in the consumption of cigarettes. Statistical surveys 
in this country and in Europe have shown a high propor- 
tion of cigarette smokers among patients suffering from 
lung cancer, and a low proportion of smokers among pa- 
tients without lung cancer. Many medical authorities have 
therefore concluded that smoking is a definite causal agent 

7 Eaton, General Logic (/p)> P- 533- 
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in the production of lung cancer, and have recommended 
for health reasons that the habit be curtailed. 

Limitations of the Method of Concomitant Variations. 
The canon of concomitant variations, in the form of the 
method of statistical correlation, is widely used as an in- 
strument of scientific research. As in the case of MilPs 
other methods, however, this canon does not nail down a 
positive cause but rather suggests a hypothetical cause, to 
be confirmed or disconfirmed by independent test. There 
is always the possibility of a plurality of causes to be con- 
sidered in cases of apparent concomitant variations, as well 
as the possibility that the correlation is coincidental rather 
than causal. Statistical correlation does not necessarily 
mean a cause-and-eflFect relationship. For years, it is said, 
there existed a remarkable correlation between the price 
of rum in Cuba and the salaries paid to Presbyterian min- 
isters in Massachusetts. Lunatics are so called because of 
a supposed correlation between their behavior and the 
phases of the moon. Because the increase in juvenile delin- 
quency in the United States in 1942-1943 was paralleled 
by the rapid growth of the Women's Army Corps, it was 
actually suggested by a responsible personage that the 
latter was the cause of the former. Careless use of the 
method of concomitant variations often leads to the fallacy 
of the false cause. 8 

The validity of conclusions reached by the method of 
concomitant variations depends on the validity of the par- 
ticular statistical procedures used in investigation of the 
phenomenon. Analysis of such procedures is obviously a 
separate and advanced field of study. That the technique 
and interpretation of statistical correlation is by no means 
a settled affair is illustrated by the quarrel among experts 
on the case of the correlation between smoking and lung 
cancer. The apparently high correlation between smoking 
and cancer seems to be supported independently by experi- 
ments in which mice painted with tobacco tar have devel- 
oped cancer. Yet some objectors point to the fact that 
cigarette paper has not been eliminated as a causal factor. 

8 See below, Chap. 10, pp. 221, 222. 
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Others call attention to the fact that lung cancer is a disease 
of the later decades of life, and that the number of persons 
over 65 years of age in the United States has quadrupled 
in the last fifty years. Hence a substantial increase in lung 
cancer is to be expected because of the far greater number 
of vulnerable persons. But American Cancer Society re- 
searchers reported in 1957 "a spectacular relationship" 
between cigarette smoking and lung cancer. Of 32,392 non- 
smokers, only four died of lung cancer. But there were 265 
cases among 108,000 smokers. 

THE ROLE OF PROBABILITY 
IN INDUCTIVE INFERENCE 

Many contemporary critics say that, whatever limited 
use Mill's methods may have as tools of scientific inquiry, 
they do not provide us with an answer as to just what, \\ 
anything, constitutes the ground of induction. That is 
Mill's canons of induction do not furnish any answer tc 
Hume's question: Why is it that on the basis of somt 
examined instances ("Some horned animals part the hoof"^ 
we can reach a Reliable conclusion concerning all instance: 
("All horned animals part the hoof")? As Hume says, w< 
have not examined all of the instances. How can we tell 
on the basis of examined instances, something concerning 
unexamined instances? How can we justify our belief tha 
what has happened in the past will continue to happen ii 
the future? Neither Mill's methods nor his general axion 
of uniformity appear to provide an unshakable basis for ou 
faith in the reliability of induction. In fact, it seems tha 
we are just as far away as ever from proof that inductivi 
inferences can ever be certain. 

Faced with this attitude, many critics today agree witl 
Hume that inductive inference can never give certainty 
But the alternative, they say, need not be skepticism. If ; 
generalization cannot be proved certain, at least it can b 
confirmed to a greater or lesser degree; if an inductive! 
established law cannot be certain, at least it can be more o 
less probable. For example, we cannot say that the secon< 
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law of thermodynamics is "certain," for the law makes an 
assertion about unexamined instances; so does the law of 
death, "All men are mortal." But since these laws have 
been confirmed time and again by experiment and deductive 
analysis, we may say that they possess a high degree of 
probability. It may not be certain that the sun will rise 
tomorrow, but it is highly probable that it will. On the 
other hand, the generalization "Humans have the power of 
extrasensory perception" has a distinctly lower degree of 
probability. 

PROBABILITY AND NUMERICAL VALUE 

The term "probability" is used to signify a property of 
inference, and its degree is considered to depend upon the 
nature of the evidence which supports that inference. Now, 
if one hypothesis can be more probable than another, can 
we assign a numerical value to their probabilities? Is it 
possible to measure the "chances" or likelihood that an 
event, as yet unexamined, will occur, and to express that 
measurement by a precise figure? There is a discipline, gen- 
erally considered one of the branches of mathematics, called 
"probability theory," and by means of "probability calcu- 
lus" the likelihood of certain events happening may be 
expressed exactly in terms of a number between o and i. 
Thus we say that the probability of obtaining tails on any 
given toss of a coin is one out of two, and that the prob- 
ability of an American of a certain age and sex dying of 
heart disease is one out of four. Let us work out a few 
simple problems in probability calculus. 

What is the probability of a penny turning up heads on 
any given throw? The answer is 1/2 because there are 
two ways the penny can land, head or tail, and the penny 
will have to land in one of the two ways. Thus the chances 
of getting heads are one out of two. We write this 1/2. 
The number of possible ways in which the penny can fall 
gives us our denominator, 2. The event in which we are 
interested (heads) can turn up in only one way. Thus we 
derive our numerator, i . The probability of drawing a king 
from a standard deck of cards is 4/52; there are 4 chances 
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out of 52 of drawing a king (4 kings in the deck; 52 cards 
in the deck). We notice that numerical probabilities vary 
between o and i . This must be so, for i would be positive 
certainty and o would be negative certainty. That is, the 
"probability" of throwing a 7 with a single standard die 
is o, but the "probability" of a standard penny possessing 
one head is i. Neither would be true probabilities; they are 
certainties. 

What are the chances of throwing two heads in succes- 
sion. This will clearly be less than the probability of getting 
one head. The answer is 1/4, because there are four possi- 
bilities for the two throws HH, HT, TH, TT and 
only one of them is what we want ("success"). 



or 



In the simple example above we can see an instance of 
one of the laws of elementary probability calculus, the 
product theorem: 

P(A and 5) = P(A) XP(B) 

What is the probability of getting a 6 on the first throw 
of a die and a i on the second throw? The probability of 
a 6 is 1/6, and that of a i is also 1/6: 



or 



There are 36 possibilities, and only one is success. 

Now, what is the probability of getting a 6 and a i in a 
single throw of two dice? The probability of getting a 6 
on die X is 1/6; and the probability of getting a i on die 
Y is also 1/6. So the probability of 6 on Y and i on X is 
1/36. But all we want is the probability of a 6 on one die 
and a i on the other; it does not matter which die the 
6 or i is on. In other words, we want the probability of 
getting either a 6 on X and a i on Y or a 6 on Y and a i 
on X. A second law of probability calculus, the addition 
theorem, takes care of this situation: 

P(A or 5) =P(A) +P(B) 

or 
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It is easy to see how in this manner an elaborate calculus 
can be built up. 

The method above of calculating probability is called 
the a priori method, and with good reason. For this inter- 
pretation of probability is a purely deductive affair through- 
out. It can be used to obtain a probability figure concerning 
actual events only if we make certain assumptions concerning 
our subject matter at the outset. What is it that enables 
us to assign such precise probability values to inferences 
concerning events that have not yet happened? The reason 
is that certain assumptions are made in advance concerning 
the behavior of the coins or dice. It is assumed that it is 
equally likely that the penny will turn up heads or tails. 
But the claim of equal likelihood of heads or tails is by no 
means a self-evidently true proposition. 

Now, if a priori probability calculations are made thus 
in advance of trial (and that is what a priori means), why 
is it that such calculations are so useful in predicting the 
properties of actual events such as the frequency with 
which a given face of a coin or die will turn up? The 
answer is that the behavior of the actual coin or die is so 
close to the behavior of the ideal ("equally likely") coin 
or die that for practical purposes they may be considered 
the same; the margin of deviation is negligible. Neverthe- 
less, while a priori assumptions of the "equally likely" kind 
may result in little appreciable error in calculating prob- 
abilities in the case of simple objects such as pennies or 
dice, they can be very misleading when applied without 
care to more complex situations. There have been men 
rash enough to try by this method to calculate the prob- 
ability of the existence of God. 9 

PROBABILITY AS RELATIVE FREQUENCY 

There is another way of interpreting probability, a way 
closely linked to familiar inductive procedures. This is to 
take the meaning of probability as relative frequency. Per- 
haps the simplest statement of probability in terms of 
frequency is Aristotle's statement, "The probable is that 

9 See Lecomte du Noiiy, Human Destiny (j/), p. 35. 
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which usually happens." For example, in the case of any 
given human birth, the probability of the infant being a 
boy is roughly 1/2. In the frequency interpretation, this 
means that in relation to the total number of births (girl, 
boy), the frequency of boy births is such that it may be 
expressed by the approximate figure 1/2. This then is taken 
to be the probability of the birth of a boy in any given case. 

Insurance companies set their rates on the basis of prob- 
ability figures derived from tables of relative frequency. 
For example, a life-insurance company tells us that the 
chances are that three out of five men over age 40 today 
will die of cardiovascular-renal disease. Since such evi- 
dence is statistical, it can support no inference concerning 
the future fate of any individual man. The evidence for 
the probability figure 3/5 in this case is tabulations of rela- 
tive frequency of deaths from this type of ailment. The 
computation is based on the population and death records 
for the total United States. Investigation based upon re- 
corded deaths among the population of American males 
at ages 40 and over in a recent period shows that approxi- 
mately 600 in each lOOO died of some form of cardio- 
vascular-renal disease. These figures indicate that the fre- 
quency of such deaths is 3/5. The evidence is translated into 
the form "Three out of five men, etc." and is used for 
purposes of prediction. But insurance-company statisticians 
do not assume that the underlying conditions producing 
these observations will remain unchanged; rather, they 
expect change and base their projections upon trends and 
current developments which may affect trends. 10 

Let us apply the relative-frequency meaning of prob- 
ability to our coin-throwing example. I am interested in 
determining the chances of getting heads. I complete a 
series of 1000 actual throws and note the results 506 heads 
and 494 tails. This gives us a relative frequency of heads 
for the 1000 throws of 506/1000. I now make a second 
series of throws. At the end of that series I find I have 



10 Metropolitan Life Insurance Company, Statistical Bulletin 
See also Dublin, Lotka, and Spiegelman, Length of Life (/<?), pp. 89 
et seq. 
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1004/2000. My results appear to be converging on the 
limiting figure i/2j this I take to be the limit of frequency 
of the favorable event heads. I can, if I wish, carry out a 
further series of throws. If, after these further trials, the 
frequency of heads is still closer to 1/2, then my assumption 
that 1/2 is the limit was correct. If, on the other hand, a 
divergence becomes apparent, we will have to correct our 
original estimate. 

Of course, a skeptic might object that it is impossible, 
strictly speaking, to say what the limit of the relative fre- 
quency is. Suppose we have thrown the coin a million times, 
and the relative frequency of heads is 500,021/1,000,- 
ooo. This is very close to 1/2. But how do we know that 
if we threw the coin another million times, the frequency 
for the whole sequence would not be 1,500,021/2,000,000, 
which is not nearly as close to 1/2? That is, when we stop 
making tests, how can we be sure that if we went on the 
relative frequency would not begin to deviate drastically 
from the figure we had when we stopped? In point of fact, 
we cannot know this. To use Hans Reichenbach's expres- 
sion, we just "posit" that the limit of the relative frequency 
is i/2. n 

IS PROBABILITY THE ANSWER? 

Let us return to the general problem of the role of 
probability in inductive inference. Does it help to say that 
while no inductive inferences can ever be certain, such in- 
ferences can in many cases be highly probable? If the 
probability of all inductive inferences could be calculated 
and expressed numerically, the problem of induction 
would be solved and human knowledge would attain an 
undreamed-of degree of order and adequacy. But there are 
countless inductions to which we cannot assign numerical 
probability at all. It would, for example, be impossible to 
determine that number between o and i which expresses 
the probability of the following: 

Red hair is a recessive characteristic. 
Cancer is caused by a virus. 
11 See Reichenbach, "The Logical Foundations of Probability" 
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All bodies are receding from the center of the universe. 

Humans have the power of extrasensory perception. 

Polar bears hibernate. 

Fifteen-year-olds resent parental interference. 

At sea level, the boiling point of water is o C. 

But even if we cannot assign a numerical probability to 
the larger part of the inductions of science and common 
experience, perhaps we can say that many of them are 
probable in the sense that they are credible or likely prob- 
able more or less. That is, the proposition "All men will 
one day die" is not absolutely certain, since the deaths of 
future men have not yet occurred; yet in view of the 
enormous positive evidence from past experience, the prop- 
osition has a very high degree of probability. This is fine, 
for all but Humean skeptics. If knowledge of past instances, 
they say, communicate no certainty to inferences concerning 
future instances, why should it communicate probability? 
For if we cannot know that all A is B y having observed 
that some A is 5, how can we know that it is probable that 
all A is B? Are we to say that this also is only probable? If 
so, we can only kjQOW that it is probable that it is probable 
that all A is B. The reader can see for himself where such 
a difficulty leads. If Hume is right, it should be hardly 
less difficult to explain the probability of inductive infer- 
ences than it is to justify their certainty. 

CAN INDUCTION BE JUSTIFIED? CONCLUSION 

Hume believed that induction had no more foundation 
than habit and expectation, that it rested at best on evidence 
which is only partial, and that neither science nor philo- 
sophical analysis could prove the certainty of any induction. 
Ever since, philosophers, logical analysts, and students of 
the methodology of science have tormented themselves 
(and others) with the question "Can induction be justi- 
fied?" Mill's principle of the uniformity of nature was tried 
and found wanting. Mill's admirer, John Maynard Keynes, 
tells us that the "inductive hypothesis" is indispensable to 
science and common sense; yet this hypothesis, he says, 
stands in the peculiar position of being neither a self-evident 
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logical axiom nor an object of direct acquaintance by sense 
experience. Still, Keynes assures us, our present inability to 
show the grounds of the "inductive hypothesis" is no reason 
for skepticism concerning its existence. "We need not lay 
aside the belief," he says, "that this conviction gets its in- 
vincible certainty from some valid principle present to our 
minds, even though it still eludes the peering eyes of 
philosophy." 12 

Peer as we will, philosophers or no, it is unlikely that 
we shall ever find this obscure principle which like a logical 
St. George will one day rescue human knowledge from 
the dragon Doubt. Once more, consider the following 
schema : 

A number of A 's have been found to be /?'s. 
Therefore, all A's are JS's. 

As it stands above, schematically represented and taken 
abstractly, it is clear that the principle of induction has no 
justification. Induction as such is not formally valid. This 
we know by the enormous number of unsound inductions 
which are of the pattern above. Induction cannot be justified 
by formal means that is to say, deductively as we prove 
a syllogism valid or a truth function tautologous. "Some S 
is P; therefore all S is P" is simply logically invalid, no 
matter how many S's are P's. We cannot formulate induc- 
tion as a deductive logical principle and apply this axiom 
to our investigations of the world's behavior in the hope 
that it will provide reliable security in inference. 

However, the fact that inductive inference cannot have 
deductive certainty does not mean that inductive inferences 
cannot be parts of a system of concepts ordered in some 
way analogous to the structure of a purely formal system. 

Finally, if we ask whether any inductive conclusions 
may correctly be described as certain, the answer will de- 
pend upon the meaning assigned to the word "certain." If 
"certain" is used in the sense of ordinary certainty, the 
answer will in many cases be yes. We behave as if inductive 
reasons are good reasons. We act as if unexamined in- 

12 Keynes (29), p. 264. 
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stances of water will be liquid at room temperature and 
a quantity of strychnine will kill us if we swallow it. 
Carrying on the business of science and daily life on the 
assumption of the reliability of induction works. But if by 
"certain" is meant logical certainty, that conviction which 
attends the inferences of mathematics and formal logic 
when correctly drawn, the answer will be no. Nor can induc- 
tive statements properly be called certain if by "certainty" 
is meant they cannot be corrected. We cannot claim that 
any inductive generalization is beyond correction or revi- 
sion, or that the behavior of future unobserved instances 
can in any case be unconditionally guaranteed in advance. 

BIBLIOGRAPHICAL NOTE 

Aristotle's remarks on induction may be found in his Poste- 
rior Analytics (2), gg 6 15 et seq. For Hume on induction, see 
his An Enquiry Concerning Human Understanding (25), pp. 
37 et seq. Mill's treatment of induction is in Book III of his 
A System of Logic (36). On the topic of probability, Keynes's 
A Treatise on Probability (29) is a classic work. Recom- 
mended readings "Include Chaps. 8, 13, and 14 in Cohen and 
Nagel (//); Chaps. 12 to 18 of Mace (35); Chap. 9 of 
Pap's Elements of Analytic Philosophy (40) ; "The Justifica- 
tion of Induction" by Black in Language and Philosophy (6) ; 
"The Justification of Induction" and "The Logical Founda- 
tions of Probability" by Reichenbach (44). See also Williams, 
The Ground of Induction (5/) and Goodman's "The New 
Riddle of Induction," in Fact, Fiction, and Forecast (230). 

QUESTIONS AND EXERCISES 

1. Distinguish between deduction and induction. Give exam- 
ples. 

2. "The method characteristic of modern science is induc- 
tive." Criticize. 

3. Illustrate ten inductive inferences you believe to be sound. 
Briefly discuss the evidence in each case. 

4. Distinguish between induction by complete and incom- 
plete enumeration; between strict and broad inductions. 
Give examples. 
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5. Distinguish between the two senses of "law" represented 
by (l) Newton's first law of motion, (2) a law passed 
by Congress. 

6. Apply the criteria suggested on pp. 180 ff. to the follow- 
ing inductions: (l) "There is nothing more dangerous 
than Latin American food," (2) "Bears hibernate." 

7. Give three examples of inductive generalizations strength- 
ened by increasing the number of instances examined. 

8. Why is a large number of instances examined not in itself 
a safe criterion for the soundness of an induction? Ex- 
plain and illustrate with your own examples. 

9. In the case of sampling, just what is meant by "random"? 
Illustrate. Give examples of samplings where the rule of 
randomness and the rule of stratification need to be 
applied. 

10. Explain the role of the criterion of "no contrary in- 
stances" in induction. Use your own illustrations. 

11. What is intuitive induction? 

12. Cite your own examples to show the importance in induc- 
tive inference of the variability of the type of phenom- 
enon under investigation. 

13. From science or common-sense inquiry, cite three in- 
stances of inductive conclusions that can be confirmed by 
deduction from more general laws. 

14. Explain and illustrate induction by analogy. 

15. State Hume's objection to the validity of induction. Ac- 
cording to him, what is the ultimate basis of induction? 

16. Explain Mill's principle of uniformity of Nature as the 
ground of induction. Cite objections to it. 

17. Why did Mill think that sound inductive inference de- 
pends on the existence of causal relations? 

18. Give a good definition of "cause" with illustrations to 
support it. Cite Hume's objection to the validity of causal 
inference. 

19. Make up two or three examples to illustrate each of Mill's 
Canons of Induction. Cite limitations of each of Mill's 
methods. 

20. Discuss ordinary meanings of "certain," "probable," and 
"doubtful." Illustrate in each case. 

21. "Inductive conclusions can never be certain; but they can 
be probable." Give reasons for accepting this statement 
and reasons for questioning it. 
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22. What sort of evidence would justify our calling the 
inductive conclusions listed on p. 174 "probable"? Discuss 
each case separately. 

23. Distinguish between the a priori and the frequency inter- 
pretations of probability. Illustrate. 

24. In each of the following examples, give the answer in 
terms of a fraction between o and I. Assume equi- 
probability. 

1. What is the probability of getting an 8 on a single 
throw of a pair of dice? Two I I's in a row? 

2. Using two pennies, what is the probability of getting 
double heads three times in a row? 

3. You are playing bridge with three others. Dealer 
starts with you on his left. What is the probability you 
will be dealt four aces? That you will be dealt all 
face cards? 

4. Suppose a bag contains ten white balls and ten red 
ones. What is the probability of drawing two red ones 
in two successive single draws, assuming you do not 
replace the first ball drawn? 

5. Suppose a bag contains three white and two red balls. 
What is the probability of getting two white balls in 
succession in the first two drawings if the ball is not 
replaced? 

6. Make a drawing from each of two bags. The first 
contains eight blue beads and two red beads; the sec- 
ond contains six blue beads and four red beads. What 
is the probability that when we draw a bead from each 
bag, at least one of the beads is red? 

7. What is the probability of getting three 6's in five 
throws of a single die? 

25. Do you think induction needs justifying? If not, why 
not? If so, what seems to you the best way or ways of 
justifying it? 



io. Fallacies in argument 



I love you 

Therefore I am a lover; 

All the world loves a lover 

You are all the world to me 

Consequently 

You love me. 

j. G. VIVIAN 

Since Aristotle published his short treatise on the fallacies 
(De Sophistici Elenchi}^ it has been traditional for logic 
books to include a section on unsound methods of argument. 
Strictly, analysis of some of these fallacies is the business 
neither of deductive nor of inductive logic j it is rather the 
concern of the classical subjects of rhetoric and argumenta- 
tion, or of today 's somewhat dubious successor to those dis- 
ciplines popular semantics. Still, logic is concerned with 
argument, and every well-educated person should be able 
to identify the common fallacies, even if this ability does 
not automatically help us to "think straight" or to become 
better citizens. 

Fallacies in argument are divided into three kinds: 
(i) formal fallacies, (2) fallacies of ambiguity, and (3) 
material fallacies. 

THE FORMAL FALLACIES 

From our study of syllogistic argument, we are already 
familiar with the formal fallacies. These fallacies are usu- 
ally violations in ordinary discourse of the rules of the 
syllogism. Of the formal fallacies, those that occur most 
commonly in everyday argument are ( i ) improper conver- 
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sion; (2) the fallacies of the undistributed middle and the 
illicit process of major or minor; and their equivalents in 
the hypothetical syllogism the fallacies of affirming the 
consequent and denying the antecedent. The reader may 
review the appropriate rules. Here we shall discuss only the 
undistributed middle and its close relative, improper con- 
version. 

The fallacy of the undistributed middle is committed, 
as we know, whenever it is argued that because x and y 
belong to the same class or possess a common property, 
therefore they are identical. Because all gold glitters, it 
is not the case that this metal which glitters is gold. Because 
thieves are imagined to have a furtive look, it does not 
follow that Tom who has a furtive look is a thief. That 
Marxists supported the Loyalist cause in the Spanish Civil 
War does not make it valid to argue that Eva who supported 
that cause was a Marxist. The fallacy of the undistrib- 
uted middle is implicit in much contemporary advertising. 
Thus it may be suggested (though not perhaps explic- 
itly stated) that since successful men read the Wall Street 
Journal, a man wjio reads the Journal will be successful. It 
may also be strongly intimated that because certain lovely 
ladies follow a particular diet or use a particular scent, 
therefore those who do likewise will also be lovely. 

The fallacy of improper conversion occurs when an A 
proposition is converted simply instead of per accidens (see 
p. 37). Here are three examples of the fallacy of improper 
conversion, for each of which we have invented an appro- 
priate tag: 

1 . The Fallacy of the Pharisee. Because holy men bow 
their heads in prayer, and say "Lord, Lord!" those who 
bow their heads in prayer and say "Lord, Lord!" are holy. 

2. The Fallacy of the Patrioteer. Since all who love 
their country should be willing publicly to profess their 
loyalty, therefore all willing publicly to profess their loy- 
alty love their country. 

3. The Fallacy of the Bohemian. Artists live in an odd 
fashion; therefore those who live in an odd fashion are 
artists. 
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THE FALLACIES OF AMBIGUITY 

These fallacies, which Aristotle called fallacies in the 
language, are all rooted in some kind of equivocation or 
double meaning. 

1. The Fallacy of Equivocation. Sometimes called the 
fallacy of the ambiguous middle term, this is identical 
with a violation of the first rule of the syllogism (the fal- 
lacy of four terms). The fourth term is usually manufac- 
tured by using the middle term in two senses. This fallacy 
is committed whenever we allow the meaning of a term to 
shift between the premises of our argument and our con- 
clusion. Thus to argue from the general consensus that 
people profit from the benefits of democratic government, 
that therefore the inhabitants of an eastern European 
"People's Democratic Government" enjoy the same or 
greater benefits, is to commit the fallacy of equivocation. 
For the term "democratic government" in the major prem- 
ise of the syllogism implicit in the argument refers to 
democracy in the traditional Western parliamentary sense, 
while the governments of the so-called "people's democ- 
racies" have quite different properties. 

Counsel for the defendant wins the sympathy of the 
jury when he argues that a person who "steps into the 
path of a car" has only himself to blame for his injuries. 
He then proceeds to show that plaintiff "stepped directly 
into the path of the car" in this case. The conclusion, 
"Plaintiff has only himself to blame," seems to follow in- 
evitably. However, plaintiff's counsel rebuts the argument 
by showing that in the first usage the term "steps into the 
path of a car" is assumed to mean walking in front of an 
oncoming automobile, say, 40 or 50 feet away. But in this 
case plaintiff "stepped into the path of the car" only in the 
sense that he began to cross the street when the car was 
200 feet away. To speak syllogistically, counsel for defense 
has used his middle term in one sense in his major prem- 
ise and in another in his minor premise. Hence the fallacy. 

2. The Fallacy of Amphiboly. Here the equivocation 
or double meaning lies not in a term but in the syntax or 
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grammatical structure of a sentence or sentences. A will 
with the following paragraph is badly drawn: "I give and 
bequeath the sum of $5000 to my cousins Ruth Henning 
and Sylvia Woodbury." Counsel for Miss Henning knows 
that deceased intended the cousins to share the money, 
but argues nevertheless that the sentence should be so 
construed as to mean that each cousin should have $5000. 

Suppose in a murder trial a letter is introduced, written 
by the victim, which says, "Frammis plans to go to New 
York from Boston and then to Philadelphia by bus." We 
cannot conclude that therefore the defendant Frammis must 
have left Boston by bus. He might have planned to reach 
New York by some other means, and then to proceed to 
Philadelphia by bus. 

3. The Fallacy of Composition. This fallacy consists in 
arguing that something is true of a whole which can safely 
be said only of its parts taken separately. We should not 
take jointly that which should be taken separately. In other 
words, we commit the fallacy of composition whenever we 
argue from a premise containing a term taken distributhely 
to a conclusion in which that term is taken collectively. 

Suppose A, B,*and C offer independent testimony that 
the car driven by X was speeding. X's counsel argues that 
since every man is liable to err in such matters, the testi- 
mony of A, B, and C should be discounted. The court 
points out, however, that while A, B, and C are liable to 
error, taken individually, their convergent testimony, taken 
as a whole, does not have this same degree of fallibility, 
and should therefore be considered favorably. 

Back in the i93O's, a new owner of a big-league baseball 
club reasoned that if he bought up the top stars of the 
league his team would win the pennant. Actual experience 
showed, however, that the inference was not justified. Be- 
cause each player taken separately was an A-i player, it 
did not therefore follow that the team composed of them 
was A- 1. Similarly, a musical millionaire consumed with 
an ambition to create the best string quartet the world has 
ever known might reason badly if he argued that the way 
to fulfill his desire is to hire Oistrakh and Stern for violins, 
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Primrose for viola, and Casals for cello. Although each of 
these virtuosos is unsurpassable, taken by himself, the 
quartet composed of them would probably be inferior to 
the old Budapest Quartet, the individual members of which 
were less brilliant musicians. 

John Stuart Mill argues as follows for the proposition 
that the general happiness is the greatest good. "No reason 
can be given why the general happiness is desirable except 
that each person, so far as he believes it to be attainable, 
desires his own happiness. . . . each person's happiness is 
a good to that person, and the general happiness, therefore, 
a good to the aggregate of all persons." 1 But the truth of 
the second clause of the last sentence does not follow from 
the truth of the first. The good of each person, taken dis- 
tributively, may be his own happiness; but it is not there- 
fore the case that the general happiness stands as a good 
to all persons, taken collectively. 

The Fallacy of the Drunkard is in effect the fallacy of 
composition. For the alcoholic who begs a drink on the 
plea that "one little drink won't hurt me" speaks the truth 
only if the drink is considered in isolation from others. Of 
course a drink in and of itself won't harm him; but taken 
in conjunction with the others he has absorbed, it may 
well do a great deal of harm. 

4. The Fallacy of Division. This fallacy is simply the 
opposite of the fallacy of composition. It consists in predi- 
cating of the parts that which can be safely predicated only 
of the whole. That is, in such an argument we take sepa- 
rately what we ought to take jointly. Let us suppose (fic- 
titiously) that the regime of the Republican Party of 
Hither County, Long Island, has been marked by gross 
inefficiency and corruption for the past twenty years. It 
would be fallacious on that account to argue that Mr. Cas- 
par Sanders, for many years town clerk of Longport, 
Hither County, and a Republican, is therefore guilty of 
inefficiency and corruption. Of course, neither does it fol- 
low from the data above that Sanders has not been guilty 
of these failings. 

1 Utilitarianism, Chap. IV. 
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The Gambler's Fallacy may be construed as an example 
of the fallacy of division. The gambler knows that the 
probability of getting heads four times in a row is rather 
small. Therefore after three heads have turned up, he bets 
heavily on tails. For he assumes that the probability of 
heads turning up on the fourth throw is now considerably 
less than 1/2. But this is foolish, for although the probabil- 
ity of getting heads four times in a row is 1/16, the prob- 
ability of getting heads on the fourth throw, taken by itself, 
is still 1/2. 

5. The Fallacy oj Accent. "This is a fine country to live 
in," growled the poor worker in Charlie Chaplin's film The 
Great Dictator. He was promptly arrested by the dictator's 
police, but managed to get himself off by pleading that all 
he said was, "This is a fine country to live in." Of course, 
the accent on the word "fine" was different in each case. 

The fallacy of accent is committed whenever a second 
or unintended meaning is conveyed by misplaced accent 
in speech or writing. The clerk of court reads testimony 
in a deliberate monotone so that no inflection of his will 
convey an unintended sympathy to his hearers. It is said 
of Jeremy Bentham that so great was his fear of this fallacy 
that he employed to read to him aloud a man gifted with 
a peculiarly monotonous voice. The fallacy of accent is 
committed by critics who italicize portions of speeches or 
writings without acknowledging that the italics are not the 
author's. The fallacy is also committed by gossips who 
repeat statements made by some poor innocent in such a 
venomous voice as to prejudice their hearers completely. 

Careless or slurred pronunciation may unwittingly gen- 
erate the fallacy of accent. F. C. S. Schiller tells us that he 
once heard an audience of philosophers solemnly accept 
as an authentic quotation from William James the reading 
"If you are radically tender, you will take up with the 
Mormonistic form of philosophy." James, of course, had 
said, "more monistic." 2 Another writer confesses that 
through the years of his childhood he had cherished a 
silent devotion to a mystic, supernatural animal, holy 

2 Schiller (46), Formal Logic, p. 366. 
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though afflicted, which his church choir sang about nearly 
every Sunday. The animal so celebrated was "The Conse- 
crated Cross-Eyed Bear." Alas for the illusions of child- 
hood! It turned out that the choir was singing only about 
"the consecrated Cross Pd bear." 

THE MATERIAL FALLACIES 

According to the Aristotelian classification, the material 
fallacies are those which are "outside the language" (extra 
dictionem} in contrast to the fallacies of ambiguity which 
lie "in the language" (in dictione). Material fallacies are 
fallacies in the matter of the argument, rather than in the 
form. Such fallacies, however, should not be confused with 
errors of fact; the latter would be false statements rather 
than fallacious arguments. 

i. The Fallacy of the General Rule. Sometimes mis- 
called the fallacy of accident, 3 this fallacy consists in argu- 
ing from a general rule to a special case. That is, we argue 
fallaciously when we apply a general rule without regard 
to the special circumstances which may change its applica- 
bility in the case we are considering. To argue that because 
parliamentary democracy is the soundest form of govern- 
ment, it should therefore be imposed upon peoples of primi- 
tive habits or with radically different political traditions 
would be to commit this fallacy. Because every man has 
the right to express his own opinions, it does not follow 
that therefore a judge should urge his own religious views 
in the courtroom. 

In the realm of morals, the fallacy of the general rule 
may be identified with rigorism. It is, of course, wrong to 
steal. But to apply this rule to the case of a starving man 
who takes a loaf of bread from someone who does not need 
it, no other alternative being available, is to measure a 
special case by a general standard. The "Other Wise Man" 
in Van Dyke's tale knew that lying was evil, and yet did 
not hesitate to misinform Herod's soldiery in order to save 

3 The classical name of the fallacy of the general rule is secundum 
quid. It is often confused with the unimportant fallacy of accident, 
also listed by Aristotle. 
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the life of a child. Note that this fallacy argues to a special, 
not merely to a particular , case. To argue from a general 
rule to a particular case is only to put a rule to the use for 
which it is intended. 

2. The Fallacy of the Special Case. This is the con- 
verse of the previous fallacy; it consists in arguing from a 
special case or cases to a general rule. This fallacy is ex- 
tremely common. I commit it when I argue that the em- 
ployees of Macy's are discourteous because I was handled 
rather abruptly in the store during the Christmas rush; 
that the Sutton children are excitable and spoiled when 
I visit the family immediately after an exhausting birthday 
party; that Jones Beach is uncomfortably hot and crowded 
after I drive there on a torrid mid-August Sunday after- 
noon; that liquor should be absolutely forbidden to young 
people because certain nonrepresentative members of a local 
fraternity have been abusing alcohol. 

The fallacy of the special case is irritatingly frequent 
among persons who have lived in a foreign country for a 
brief time or in special circumstances, such as traveling 
with tourist groups or as dependents of military personnel 
overseas. Such persons will often confidently argue, on the 
basis of limited experience and special situations, to absurd 
generalities like "They won't have anything to do with you 
unless you're a Protestant" (or a Catholic or a Buddhist, 
etc.), "They're absolutely inefficient," "They're immoral," 
etc. Those who commit the fallacy of the special case follow 
the fallacious rule of Aeneas, "Ab uno disce omnes!" 
("From the one man know them all! ") 

3. The Fallacy of the Irrelevant Conclusion (Ignoratio 
Elenchi). This common fallacy occurs whenever we ad- 
vance as an argument something that has nothing to do 
with the point at issue. A girl wishes to go to a dance with 
her young man, Jones, and mentions the fact to her 
mother. The latter replies, "You shouldn't go to the dance 
with that fellow; his people made their money in the liquor 
business, and besides your cousin Alfred is such a nice boy." 
The daughter is justified in pointing out respectfully that 
while it may be perfectly true that Jones's people made 
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a. Argumentum ad Hominem. We argue ad hominem 
when we try to refute an argument by arguing against 
the character of the man who brings it forward or his 
dubious motives in so doing. If a senator were to urge 
the passage of a public-housing bill, it would be ad 
hominem to argue against him that his personal fortune 
makes it unlikely that his real motives are in any way con- 
nected with sympathy for the underprivileged. However, 
like many of the so-called fallacies in argument, ad homi- 
nem may under certain circumstances be both effective and 
legitimate. An ancient example of a sound ad hominem 
is the argument of Jesus against the self-appointed execu- 
tioners of the woman taken in adultery. "He that is without 
sin among you, let him first cast a stone at her." 5 

b. Argumentum ad Poyulum. This variety of irrele- 
vant conclusion is committed by anyone who addresses a 
mass audience and endeavors to sway the judgment of those 
present by appeal to matter close to their prejudices and 
emotions but separate from the point at issue. An orator 
or editor who argues against desegregation of public schools 
on the ground thgf such measures threaten a racial purity 
must answer to the charge of this fallacy. So too must the 
politician who defends himself against accusation of taking 
bribes from contractors by arguing to (i) the sanctity of 
his family life, (2) the war records of his sons, and (3) his 
goodness to the poor. Like Bergson's orator, such a man 
falls in with the passions of his audience only in order to 
master them. 

c. Tu Quoque. This argument, which amounts to say- 
ing, "You yourself do it," consists in trying to show that an 
opponent's argument against an action is worthless because 
the opponent has himself performed the same or a similar 
action. An instance of this would be to urge against a gen- 
eral's plea that mass bombing be avoided the point that the 
general himself ordered such a bombing in the last war. 
Tu quoque arguments are by no means always fallacious. 
What one's opponent has done in a similar case is often 
quite relevant to the point at issue, particularly if the 

5 John 8:7. 
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opponent is a hypocrite. Again Scripture provides a well- 
known example. When legalists argued that it was wrong 
to heal on the Sabbath, Jesus pointed out that the legalists 
would be the first to haul out one of their sheep if it fell 
into a pit on the Sabbath. 6 The ancient story of the mother 
crab and her son also shows the power of the tu quoque 
argument. A mother crab said to her offspring, "Son, don't 
walk sideways like that; it's very awkward. Walk straight 
forward. That's the way to have an elegant appearance." 
To which the young crab replied, "But mother, you walk 
sideways." 

Generally speaking, pinning the label "irrelevant con- 
clusion" on any argument should be backed by our ability 
to prove that what is brought forward is irrelevant. Anal- 
ysis of this fallacy tells us only that /'/ a man offers an argu- 
ment that is irrelevant, then he argues badly. But such 
analysis does not tell us how to determine whether a prop- 
osition is irrelevant. In certain contexts, a man's color, re- 
ligion, or personal character may be quite pertinent to the 
issue under discussion. To settle the question of relevancy, 
further argument is in order. 

4. Begging the Question (Petitio Principii). This fal- 
lacy occurs in any argument in which we assume as true 
what is to be proven. Suppose an argument takes this form: 

A isfi 
C \$A 



The argument is formally valid. But, as we know, for an 
argument to be materially sound, the truth of the prem- 
ises must be well established. Now, suppose we prove the 
major by the proposition "C is 5." We then have the fol- 
lowing situation : 

A is 5 

(because A is C and C is 5) 



.'.CisB 

6 Matthew 12:11. 
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The circular nature of the argument is now apparent. For 
in order to prove the conclusion "C is 5," the truth of that 
proposition has been assumed in the major premise. 

Suppose I prove the existence of God by appeal to 
Scripture. But, someone tells me, the authority of Scrip- 
ture has been challenged. I then proceed to establish the 
reliability of Scripture by arguing that these writings were 
divinely inspired. Here the fallacy takes the simple form 
known as circle in the proof: I have proved A by B; I then 
prove B by A. 

Here is another obvious example of circle in the proof. 
Suppose X urges that the regimes of Trujillo and Castro 
be repudiated by our government. He gives as his reason 
that these regimes are military dictatorships and as such 
should not be tolerated. Asked to state the grounds of his 
objections to military dictatorships in Latin America, X 
replies, "They are the sort of governments that produce 
leaders like Trujillo and Castro." 

Another species of begging the question might be called 
the disguised circle. Here A is proved by B; but B is really 
an altered form -of A. Here are two obvious examples 
which would hardly deceive anybody. A philosopher 
wishes to prove the immortality of the soul. His argument 
runs: "The human soul is immortal, for not a shadow of a 
doubt exists that the noble spirit which animates the 
human clay will survive the catastrophe of death and con- 
tinue to exist for all eternity." An orator is determined to 
establish the proposition that freedom of speech is for the 
common good. He argues, "Freedom of speech is for the 
common good, because the unrestrained expression of our 
opinions is ultimately to the best interest of all concerned." 
Of course these are not proofs at all, for the argument 
which allegedly proves the proposition is only a restate- 
ment of that proposition in other words. 

Disguised circles occur in all explanations that follow 
the pattern of Moliere's physician who accounted for the 
sleep-giving power of opium by stating that the drug pos- 
sesses "a dormative virtue." Similarly foolish is it to argue 
that bodies fall because they have a "downward tendency." 
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In fact, all explanations of a particular property of X by 
arguing that it is the nature of X to have such a property 
run the risk of circularity. The reader should examine 
for circularity as well all arguments in social science which 
attempt to explain a type of behavior on the ground that 
there is a "need" for it. Any explanation of suicide by the 
reason that the deceased had a "death wish" should also 
be looked at rather carefully. 

A common form of the general fallacy of begging the 
question is the question^b egging epithet. Here the truth of 
the argument's conclusion is assumed in one word or 
phrase which occurs in the premises of the argument. A 
speaker who urges that a certain proposal be repudiated 
on the ground that it is "un-American" is using a very com- 
mon question-begging epithet. It begs the question because 
the speaker and his audience agree to begin with that what 
is "un-American" is undesirable. What the speaker should 
prove is that the proposal is un-American. Such a proposi- 
tion, however, is almost always incapable of proof because 
of the hopeless ambiguity of the term "un-American." 

Finally, the question-begging epithet may be illustrated 
by reference to a recent debate on progressive versus tra- 
ditional educational methods. One speaker arose to prove 
his point that the methods of traditional education are the 
more desirable on the ground that "Children cannot have 
too much of the right kind of education." But the word 
"right" assumes as true what is to be proven. 

Does the syllogism itself as a mode of argument commit 
the fallacy of begging the question? John Stuart Mill 
thought it did, for this reason: Consider the syllogism: 

All horned animals part the hoof. 
The deer is a horned animal. 



.*. The deer parts the hoof. 

Now, in order to establish the truth of the major premise, 
says Mill, the truth of the conclusion must be assumed. 7 
For how could we know that all horned animals part the 

7 Mill, A System of Logic (34), Book II, Chap. 3, I. The example is 
not Mill's. 
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hoof unless we already knew that the deer had this prop- 
erty? 

In answer to Mill's charge of petitio principii against 
the syllogism, two points are commonly made. First, in 
order that a syllogistic argument be sound, we need not 
personally establish the truth of the premises. From the 
statement in my zoology book that horned animals part 
the hoof, I may correctly argue by means of a syllogism 
in BARBARA that the deer parts the hoof. I did not establish 
my major premise by personal investigation, but rather 
drew it from a store of accumulated knowledge which I 
had every reason to deem reliable. Hence my syllogism, 
as an argument, has not begged the question. Second, the 
charge of begging the question can stand only if it is as- 
sumed that the major premise of a syllogism is established 
inductively by complete enumeration. Now this may be 
the case in the syllogism concerning the horned animals, 
for we would not say, "All horned animals part the hoof," 
unless each species of horned animals had been examined, 
including the deer. But only a minority of syllogistic argu- 
ments have this type of major premise. From the state- 
ment in my laboratory manual that the melting point of 
silver is x C., I may correctly argue that the melting point 
of this rod of pure silver is also x C. In this instance, my 
major premise is of the type of the great majority of induc- 
tions of science and common sense. That is, it is a gen- 
eralization established by incomplete enumeration. Since 
a sound inductive premise can be established without com- 
plete enumeration, it follows that the syllogism need not 
commit the fallacy of petitio principii. 

5. False Cause. Although Aristotle made a distinction 
between them, the fallacy of the false cause has come to 
be identified with the fallacy of post hoc y ergo propter hoc 
(after this, therefore because of this). We commit this 
fallacy whenever we argue that since a certain event was 
preceded by another event, therefore the preceding event 
was the cause of it. That is, A is followed by B; therefore 
A is the cause of B. A very large number of superstitions 
probably had their origin in this fallacy. Because eclipses, 
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black cats, and broken mirrors preceded catastrophes, it 
was fallaciously argued that these circumstances caused 
them. 

In New York City some years ago there was a minor 
outbreak of smallpox. Mass vaccinations were ordered 
by the health commissioner, Dr. Weinstein. Soon outraged 
citizens were accusing the health authorities of using 
deadly vaccine. As proof they pointed to the deaths of 
hundreds of vaccinated persons within a period of weeks. 
The commissioner had to remind the frightened citizens that 
in a city as large as New York hundreds of people die 
anyway, in a similar time period, of many different causes. 
Because of precautions taken, a large number of those who 
died of other causes at this particular time were vaccinated. 
But simply because vaccination preceded their deaths, it 
did not follow that it was the cause of their deaths. 

The Navy tells its potential officers of the deck the fol- 
lowing story by way of warning. Once in a foreign port, a 
group of enlisted men returned aboard their destroyer 
after liberty. The men were obviously the worse for drink. 
As he passed the officer of the deck, one sailor slumped 
unconscious at his feet and could not be aroused. The OD 
had the man taken below and left in his bunk "to sleep it 
off." Next morning the man was found dead. Upon exami- 
nation, it was found that his skull was fractured the re- 
sult of a chance blow in a brawl ashore. The officer was 
guilty, of course, of the fallacy of the false cause. Simply 
because the sailor's unconsciousness followed his drinking, 
it was unsafe to conclude that drink was the cause of his 
unconsciousness. 

6. Many Questions. This fallacy is committed when 
we use in argument an apparently single question which is 
really composed of two or more separate questions. An 
example would be, "Have you renounced the habit of using 
narcotics?" The question cannot be answered yes or no, 
because it is two questions asked in the form of one, each 
of the two requiring a separate answer. The first is, "Did 
you ever have the habit of using narcotics?" The second, 
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which assumes an affirmative answer to the first, is, "Have 
you given up this habit?" In the courtroom, where tempta- 
tion to this fallacy is considerable, counsel must be on the 
alert to protect his client against such queries as "Did you 
or did you not visit the apartment of the deceased on the 
night of February 13, 1957, and there hold a conversation 
with him which led to a violent quarrel? Answer yes 
or no!" 

As a concluding example, a question may be cited from 
an examination paper given in a course by an eminent 
Columbia professor. The question was: "List those books 
from the reading list you particularly disliked. To what 
defect in your character do you attribute this feeling?" 

BIBLIOGRAPHICAL NOTE 

The original classification of the fallacies is in Aristotle's 
treatise On Sophistical Refutations (De Sophistici Elenchi) 
(2). For further illustration of the fallacies, the reader may 
consult any good classical text. In nineteenth-century works, 
there are excellent chapters on the fallacies in De Morgan's 
Formal Logic (/?)*and Jevons' Elementary Lessons in Logic 
(25). In Book V of his A System of Logic (34), Mill offers 
his own classification of the fallacies. A large number of con- 
temporary logic texts contain chapters on the fallacies, but 
many of the illustrations are trivial. A recent popular book on 
the fallacies in argument is Chase's Guides to Straight Think- 
ing (9). 

QUESTIONS AND EXERCISES 

I. There is no better exercise in the identification of the 
classical fallacies in argument than making a personal col- 
lection and analysis of these fallacies. Accordingly, the 
reader is asked to find for himself in the field of his own 
experience and reading one or more examples of each of 
the following fallacies. 

1. Undistributed middle. 

2. Equivocation. 

3. Amphiboly. 
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4. Composition. 

5. Division. 

6. Accent. 

7. The general rule. 

8. The special case. 

9. Irrelevant conclusion (the general fallacy). 

10. A rgumentum ad populum. 

1 1 . Tu quoque* 

12. A rgumentum ad hominem. 

13. Begging the question (the general fallacy). 

14. Disguised circle. 

15. Question-begging epithet. 

1 6. False cause. 

17. Many questions. 

2. Examine the following discourses. A large numher (pos- 
sibly all) set forth faulty arguments. Where it is a ques- 
tion of a bad argument, try to identify the fallacy by its 
classical name, giving reasons for your choice. You may 
find unsound arguments not classified in the traditional 
formal or material fallacies, or fallacies of ambiguity. 
You may judge some items to be sound arguments and 
others no arguments at all. In any event, give reasons for 
your opinion. 

1. "A body cannot really move. For a moving body must 
be either in the place where it is or in the place where 
it is not; now, it is absurd that a body can be where 
it is not, and if it moves, it cannot be in the place 
where it is. Therefore it cannot move at all." 

2. "Men native to countries of inclement weather, where 
the conditions of life are severe, are usually robust in 
health. One may conclude that the hardships such 
people are forced to undergo in youth are important 
causal factors in the production and sustaining of this 
good health." 

3. "If he had any sense, he would write to her." 
"But he has sense ; for he did write to her." 

4. "Lying is morally wrong, because it is uncondition- 
ally bad to state that which is not the truth." 

5. "A protein molecule is an extremely complicated 
arrangement of a thousand atoms. The probability of 
a configuration of such complexity occurring in Na- 
ture by chance alone is remarkably, almost infinitesi- 
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mally small. Therefore we can only conclude that 
the protein molecule is the product of an antichance 
factor." 

6. "The Russian people are wonderful dancers, as one 
can easily tell from seeing the Moiseyev troupe in 
action." 

7. "A very good argument why all undergraduates should 
take logic is that logic teaches us how to think, and 
many undergraduates have just never learned how to 
think." 

8. "Title I projects approved by Alderman Ferris should 
be rejected, for he approved them after having been 
bribed." 

9. "Perhaps the most favorable cause of the appearance 
of Christianity in the Western world was that there 
existed at that time a deep underlying need for it." 

10. "My son, that noise with your soup must stop at once. 
I must point out to you that it is grossly improper to 
allow any noise from one's own eating to be audible 
to another person at table." 

"But, cher papa, you should hear yourself eating 
your Shredded Wheat in the morning." 

11. A number of extenuating circumstances have been 
introduced to'lninimize the guilt of Professor Clark 
of State College. One solemn fact remains he lied 
to a Grand Jury." 

12. "No even number has ever been found that is not the 
sum of two primes. Therefore every even number is 
the sum of two primes." 

13. "I would like to ask the learned gentleman on which 
side was he descended from a monkey, his mother's 
or his father's." 

14. "Far too many crocodile tears have been spilled over 
the U2 spy plane incident in which the U.S. was in- 
volved. The Russians themselves are constantly and 
deeply engaged in espionage against the U.S." 

15. "During the Republican (Democratic) Administra- 
tion, the amount of gross national income has increased 
more than 10 percent, jobs have increased by more 
than 15 percent. Funds for scientific research have 
tripled, and social security benefits have been extended 
25 percent beyond their coverage under the previous 
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administration. These are just some of the facts that 
make clear the contention of every thinking citizen 
that the Republican (Democratic) party should be 
continued in office." 

1 6. "Sir, who rules hell when you're not there?" 

17. "One of the proofs of the truth of the theory of 
human evolution, i.e., that man has evolved from 
lower animals, is that the human embryo in the proc- 
ess of its development recapitulates a succession of 
lower animal forms at one stage, for example, the 
embryo has gill slits such as has actually occurred in 
human evolution." 

1 8. "It is really picayune of the corporation to take seri- 
ously the taking home of a few pencils, paper clips, and 
stamps by one of its employees when one considers the 
trivial amount involved in this case, and the huge 
annual profit of the giant corporation bringing the 
charges." 

19. "Mother, Johnny has a kitten. Why can't I have one 
too?" 

"You have a baby brother, dear." 

20. "The traditional curriculum should either be given 
over or basically modified because of its essential asso- 
ciation with meaningless drill, rote learning, authori- 
tarian compulsion, mere intellectual verbalization, as 
well as its irretrievably static and Alexandrian peda- 
gogy-" 

21. A. "The Democrats stand for the philosophy of the 

stomach; the Republicans stand for the philoso- 
phy of the whole man." 

B. "The Republicans are the party of privilege; the 
Democrats are the party of the people." 

22. "In sum, all men are moved by selfish impulse. Every- 
one is motivated by his own pleasure. Even a parent 
who sacrifices for his or her child is acting selfishly, 
for the well-being of the child is at the moment the 
parent's strongest desire. So too in the case of the 
martyr who dies for his country or his religion; he 
dies for the wish that most powerfully animates his 
own ego." 

23. "I would say that nearly 80 percent of New York 
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City women are neurotic, and my evidence for this is 
based on the frequency of neuroses in the case of 
women patients who come to my office." 

24. "The question of free passage of Israeli ships through 
the Suez Canal should be considered solely in the 
light of the Palestine problem. Does Israel have any 
moral right, when 95.5 percent of the land of Pales- 
tine used to belong to the Arab people of Palestine 
and was confiscated by Israel, to make use of the 
products of that land and deny its use to the Arab 
refugees who are Palestinian people ?" 

25. "He could not possibly have loved her, for he beat 
her unmercifully." 

26. "A sucessful lawyer must of necessity be a man who 
serves injustice, for on an average half of his clients 
will have a claim that is preponderantly just and half 
a claim that is unjust. But if he is successful, a lawyer 
will win more than half his cases. Therefore, he 
serves injustice." 

27. "The average salary of college graduates in this 
country is $3000 higher than the average salary of 
those who have graduated from high school only. 
Therefore, if you want a higher income, John, you 
should plaoa to go to college." 

28. "Gwen Verdon is certainly one of the finest musical 
comedy stars of our time. Adler and Ross form one 
of America's greatest song-wnting teams; and it is 
certainly a rare thing for George Abbott to write a 
bad book. Therefore, we may expect Lola Again to 
be a smash hit." 

29. "This child exhibits compulsive toy-taking behavior 
because of his inner aggressive drives." 

30. "The only proof capable of being given that an 
object is visible, is that people actually see it. The only 
proof that a sound is audible, is that people hear it. 
... In like manner, I apprehend, the sole evidence 
it is possible to produce that anything is desirable, is 
that people do actually desire it." (J. S. Mill, Utili- 
tarianism) 

31. "Young college women are marrying and supporting 
their husbands through graduate and professional 



228 A Handbook of Logic 

school because they are motivated by an unconscious 
desire to make their marriage indissoluble by the moral 
obligation thus laid upon the husband." 

32. "That the United States is in the midst of a frighten- 
ing moral slump is evidenced by the record rises in 
crime, teen-age gangs, and state and municipal cor- 
ruption." 

33. "Nuclear testing should be stopped at once, for the 
consequences of atomic war are just too horrible to 
contemplate." 

34. "What we know of the external world comes to us 
via sensations. Without sensations of some sort, no 
knowledge is possible. Therefore in the act of knowl- 
edge what is known is sense data." 

35. "It may interest Senator Trowbridge's supporters to 
know that the only other attack against this measure 
I am supporting came from the Communist paper, 
The Daily Worker." 

36. "Thiovane is like a doctor's prescription, because it 
contains not one, but many proven ingredients." 

37. "No one who eats meat ought to object to fox hunt- 
ing on the ground of cruelty." 

38. "Whoever or whatever obeys laws submits to a gov- 
erning will. Since Nature obeys laws, the secrets of 
which modern science has so brilliantly disclosed, it 
follows that Nature herself submits to a governing 
will, and is therefore the product and effect of a 
Divine Being, the supreme author of the laws of the 
universe." 

3. In ancient China there lived a school of philosophers, dis- 
ciples of Mo Tzu, who were known as "the Logicians." 
One of these Moists, Kung-Sun Lung, proved the follow- 
ing proposition : 

A white horse is not a horse. 

His argument runs this way: 

"I say a white horse is not a horse. ... If you are 
seeking a horse, a yellow or a black one will do, but they 
will not answer if you want a white horse. If it be assumed 
that a white horse is a horse, then what one is seeking is 
one thing, namely a white horse which [as it is a horse] is 
not different from horse in general. Yet although they are 
supposed not to be different, a yellow or black horse will 
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fulfil your desire for a horse, but will not fulfil your desire 
for a white horse." 

Evaluate the argument. Is the difficulty here due to an 
error of formal inference or does it rise from a confusion 
outside formal logic? Explain. 



Correct reasoning 

Study 
The Chinese word for logic 



Appendix 
Logical machines 



In the past ten years there has been an enormous increase 
of interest in a subject that was once considered a minor aca- 
demic curiosity. That subject is logical machines. The reason 
for current interest in these devices is by no means purely 
theoretical. A number of logical calculators have been devel- 
oped by industrial-research centers and are now being used to 
solve technical problems in certain areas of science and industry. 

What is a logical machine? It is any device that will solve a 
problem in formal logic by mechanical or electrical means. 
Credit for the first ^rue logical machine is often given to the 
Englishman Charles Stanhope (1753-1816), who made a 
rather crude calculator, called the Stanhope Demonstrator, 
which solved syllogistic problems. In 1870, the English econo- 
mist and logician W. S. Jevons (18351882) introduced to 
the Fellows of the Royal Society his "Logical Machine." 
Jevons had been impressed by Boole's logical algebra, but 
thought it was too complicated. Accordingly, he devised a 
machine to perform (as he thought) all the work of inference 
which in Boole's system was performed by "complex mathe- 
matical calculation." In the front of Jevons's machine were 
certain movable wooden rods which carried a set of sixteen 
combinations of the letters A, a, B, b, C, c, D, d. The capitals 
stoood for class names, the small letters for their negatives. 
Eight keys toward the left hand were marked with these 
letters and stood for these terms when occurring in the subject 
of a proposition. Eight other keys on the right hand represented 
these terms when occurring in the predicate of a proposition. 
A key in the middle represented the copula of the proposition. 
Still another key represented the disjunctive connective "or." 

231 



232 Appendix 

Taking a syllogism or related argument, and turning its terms 
into A, B, C, D, or their negatives a, b, c, d, the Jevons "logi- 
cal piano" could test for all possible valid combinations of 
these terms in syllogistic arguments. Ingenious as the Jevons 
machine was, it was not equal to handling more than a fraction 
of the logical problems generated in that system which has 
come to be known as Boolean algebra. 

In our own century, particularly after World War II, the 
immense advances in electronics opened the way for the devel- 
opment of electronic calculating machines of all types. The 
proliferation of mathematical computers has been, of course, 
most spectacular; but side by side with the development of 
these computers was a growing interest in purely logical calcu- 
lators. In 1938, Claude E. Shannon, a research assistant in 
electrical engineering in the Massachusetts Institute of Tech- 
nology, wrote a paper, "A Symbolic Analysis of Relay and 
Switching Circuits" (47)- In this paper Shannon pointed out 
the possibilities of exploiting the remarkable analogy between 
logical truth-function connectives and the conditions of 
switches and relays. In 1947, two Harvard undergraduates, 
T. A. Kalin and William Burkhart, impatient with the labori- 
ous construction of truth tables by hand required by their logic 
course, built a logical calculator out of material costing approxi- 
mately $150. The Kalin-Burkhart calculator could evaluate 
logical formulae containing up to twelve terms. These and 
similar researches attracted the attention of scientists and engi- 
neers in industrial-research centers. Today there are a number 
of devices used in science and industry which accomplish their 
results by a logic function approach. 

Described below are two logical machines. The first is a 
simple machine for testing the validity of categorical syllo- 
gisms. This machine, or one similar to it, could be made for a 
few dollars by anyone with a knack for wiring and handling a 
screwdriver. The second machine is far more complex, and 
tests long strings of logical formulae in modern notation. 
Logical calculators of this type can be used in research and 
industry to solve certain complex problems concerning the con- 
dition of switches, relays, voltages, pulses, and so forth. 

CONSTRUCTING A SYLLOGISM TESTING MACHINE 

A simple machine for testing categorical syllogisms for 
validity can be constructed from parts whose total cost is about 
$2O. The parts needed are: 
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4 Mallory ceramic wafer (nonshorting) switches: 

$i. i single gang (1311!,) ; i pole; n positions. 

$2. i multigang (1235!-) ; 4 poles; 5 positions. 

#3. i multigang (13451-)$ 8 polesj 5 positions. 

#4. i multigang (1356!-)$ 10 poles j 6 positions, 
i SPST toggle switch. 

1 chassis, ICA metal, zinc-plated steel or aluminum. Dimensions 
2" x 5" x 14". 

2 G. E. #47 pilot bulbs. 

2 pilot light assemblies with i green jewel and i red jewel with 
bayonet mount to fit #47 pilot lamps; DIALCO miniature type, 
series 810. 

i Burgess Z-4 6-volt battery (or equivalent). 

The syllogism testing machine consists basically of two parts: 
a switching network and a neon lighting circuit. The switching 
network is composed of four Mallory switches altered as 
follows: 

Sj = i pole 4 position 

s 2 = 4 pole " " 

s 3 = 8 pole " " 

&4 = 9 pole " " 

The lighting circuit consists of two neon (NE~5i) bulbs and 
a 9O-volt battery; this is connected in series to the switching 
network to allow only one bulb at a time to light. The two 
indicator lights represent the valid and invalid condition of the 
syllogism; clear and red glass covers are installed over the 
lights on the front panel of the machine. 

When mounted on its metal chassis, with dial handles put on 
and lettering completed, the syllogism testing machine will 
look like the illustration below. The dimensions will be that of 
a box about 15" X 7" X 3". 



V I 

* 

Power 



The first three switches represents the major premise, minor, 
and conclusion respectively. The fourth switch designates the 
four possible figures. The first three switches have four posi- 
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tions each, labeled A, E, I, and O respectively; these stand, of 
course, for the universal affirmative, universal negative, partic- 
ular affirmative, and particular negative propositions. 

Information is fed into the machine by setting the letter 
designator of each proposition of the syllogism (A, E, I, O) 
on the first, second, and third switches respectively. The figure 
of the syllogism is set on the fourth switch in either position I, 
2, 3, or 4. For example, take the syllogism: 

No members of the finance committee can be members of the 

social committee. 
All members of the finance committee are members of the execu- 

tive committee. 

No members of the executive committee can be members of the 

social committee. 

The syllogism is identified and coded as EAE (3), and the 
switches are set accordingly: 

sj pos 2 E 

s 2 pos i A 

s 3 pos 2 E 

s 4 pos 3 3 

The invalid (red) light will operate. A syllogism in BARBARA, 
coded AAA (i), and set on the machine, will produce the 
white light; this is true of all other syllogisms valid according 
to the classical rules, including syllogisms with weakened con- 
clusions and strengthened premises. 

It is evident that all conclusions of "valid" and "invalid" 
are predetermined and built into the machine. Theoretically, a 
switching network which is devised to test all 256 categorical 
syllogisms should be composed as follows: 

s l i pole 4 positions 

s 2 4 pole 4 positions 

s 3 1 6 pole 4 positions 

s 4 64 pole 4 positions 

But such a network would be cumbersome ind impractical. So 
several short cuts are used in designing the circuit. For exam- 
ple, in cases where a syllogism is invalid in all four figures, as 
in mood IEO, s 4 can be by-passed and the wiring led directly 
to the invalid line. In cases where no conclusion could be 
drawn (e.g., syllogisms with two particular and two negative 
premises), 83 and s 4 are by-passed. Conversely, if the Syllogism 
is valid in all four figures (e.g., EAO, EIO), s 4 is 
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by-passed, and the live line led directly to the valid terminal 
strip. The total number of bypasses in the machine are as 
follows: 

Sj no bypasses 

s 2 8 bypasses to invalid 

s 3 21 bypasses to invalid 

2 bypasses to valid 

s 4 19 bypasses to invalid 

1 6 bypasses to valid 

The complete circuit schematic is given on p. 235. 

A MACHINE FOR TESTING TRUTH FUNCTIONS 

Contrasting in size and complexity with the simple syllo- 
gism machine described above are the large logical calculators 
now being introduced in modern science and industry. These 
machines are built to solve complex problems of formal logic, 
and to be set tasks ranging from checking conditions of electri- 
cal circuits to computations in genetics or insurance. Typical 
of such logical calculators is the Burroughs Truth Function 
Evaluator developed by the Burroughs Corporation at its re- 
search center in Paoli, Pennsylvania. 1 Among other uses, this 
machine can be employed to determine consistence or equiva- 
lence between two laws or statutes, and to test the applicability 
of provisions in these laws to contracts, wills, etc. 

The Burroughs calculator evaluates truth functions and for- 
mulas made up of a string of such functions. The six functions 
which can be directly evaluated are: 

N negation, not 

A alternation, inclusive disjunction, either or both 

R exclusive disjunction, either-or and not both 

K conjunction, and, both 

E biconditional, material equivalence, if and only if 

C conditional, material implication, if, then 

The formula to be plugged up on the machine must be ex- 
pressed in Polish notation. In Polish notation, a formula is 
written and read from right to left. Instead of writing a con- 
nective (operator) between the variables, such as p V q y it is 
written to the left, Afq. The advantage of this notation is 
that it dispenses with parentheses and can easily be set up on a 

1 The material in this section has been taken from William Miehle's 
paper, Burroughs Truth Function Evaluator , copyright i955> Bur- 
roughs Corporation, and is used by permission of the Burroughs Corpo- 
ration. 
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machine. The six functions may be listed on a truth table in 
Polish notation, thus ("False" is o and "true" is i): 



p 


9 


Np 


Apq 


Rpq 


Kpq 


Epq 


Cpq 








I 
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i 
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i 
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I 
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o 
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o 
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o 


I 


I 


i 



Let us take the formula p V q y which we know to be 
equivalent to p 3 q: 

p D q = -p V q 
In Polish notation this is: 
E C pq A N p q 

The whole formula is written right to left. This formula 
has a length of eight and two variables, p and q. Since both 
expressions which compose this formula are logically equiva- 
lent, the formula as a whole is true (or I ) for all combinations 
of truth values of p and q. In other words, it is a tautology. 
The truth-function evaluator takes twelve seconds to prove 
this formula a tautology 

Consider the formula ( p V q}. We know that this, 
by De Morgan's law, is equivalent to p * q 

-(-~p V -q) = p - q 

Translating into Polish notation, we have ENANpNqK 
p q. This formula has a length of ten and two variables, p 
and q. Here is its truth table : 
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We notice here that several results are stored up before being 
used. The maximum number of values stored is called the rank 
of the formula. We determine the rank of a formula by count- 
ing from right to left. The occurrence of a variable increases 
the count by one, which each function, except negation, de- 
creases the count by one. The running count of this formula 
has been written above it. Its rank is 3. A well-formed formula 
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always ends up with a count of I ; for there can be no more 
than one result for any particular evaluation. 

The illustration above shows the basic units in the truth- 
function evaluator. They are ( I ) a source of values of the 
variables, (2) a shift register to stack up the variables until 
evaluated by the operator function evaluator, and (3) a rotary 
selector switch to scan the formula at the rate of ten symbols 
per second. The formula to be evaluated is plugged to the 
stepping switch contacts in the order from right to left as the 
symbols appear in the formula. 



OPERATOR FUNCTION 
EVALUATOR 



ROTARY SELECTOR 
SWITCH 




VALUE GENERATOR 

(10 STAGE BINARY COUNTER) 



VALUE OR I 

BURROUGHS TRUTH FUNCTION EVALUATOR 

By means of the truth-function evaluator, it is possible to 
test a tautology of length 98 (ten variables) for every one of 
its 1024 combinations. By hand this would require making a 
truth table of 1 08 columns and 1024 rows. The machine can 
also compare a reduced or simplified form of a logic with the 
original, and tell whether or not a correct simplification has 
been made. 
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"Written in a very clear and slightly humorous style making it more read- 
able than most introductions to logic. The material is carefully selected and 
well organized.... It contains many good exercises and is well-suited for 
a one-term introductory course in logic It is the kind of book that every 
graduate student should have read in his freshman year " Frederick B 
Fitch, Journal of Symbolic Logic (on the first edition) 



A HANDBOOK OF LOGIC, SECOND EDITION 

Joseph G Brennan 

A brief, lively text for one-semester courses, this book covers classical or 
syllogistic logic, elements of modern or symbolic logic, and inductive logic 
Treatment of scientific method is blended with relevant material in the 
chapter on inductive logic. Presupposes no mathematical knowledge. 
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